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ABSTRACT
In the first part of this work we review the equations of motion for the
brane presented in Friedmann-Robertson-Walker (FRW) form, when bulk
is 5-dimensional (A)dS Black Hole. The spacelike (timelike) FRW brane
equations are considered from the point of view of their representation in
the form similar to 2-dimensional CFT entropy, so-called Cardy-Verlinde
(CV) formula. The following 5-dimensional gravities are reviewed: Einstein,
Einstein-Maxwell and Einstein with brane quantum corrections. The sec-
ond part of the work is devoted to study FRW brane equations and their
representation in CV form, brane induced matter and brane cosmology in
Einstein-Gauss-Bonnet (GB) gravity. In particular, we focus on the infla-
tionary brane cosmology. The energy conditions for brane matter are also
analyzed. We show that for some values of GB coupling constant (bulk
is AdS BH) the brane matter is not CFT. Its energy density and pressure
are not always positive. The appearence of logarithmic corrections in brane
cosmology is discussed.
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1 Introduction
The recent astronomical data indicate that observable universe is currently-
accelerating [1]. This observation, in turn, indicates that the universe has a
positive cosmological constant. As a result it is likely that universe evolves
into the future (asymptotically) de Sitter phase.
The recent brane-world approach (as manifestation of holographical prin-
ciple) to the description of the observable universe as a brane embedded in
1
higher dimensional bulk space has brought many interesting ideas to the
realization of (asymptotically) de Sitter brane universe. First of all, it be-
came clear that brane matter may be induced by bulk space. Such brane
matter which may play the role of dark matter may even violate the Dom-
inant Energy Condition. Moreover, as a result of acceleration it looks that
the cosmology with negative density energy and negative pressure does not
seem to contradict to the astronomical data (for recent initial steps to study
such cosmology, see [2]). The brane-world approach may be also related with
Cosmic Censorship via holographic principle (see recent discussion in [3]).
It is even more important that holographic principle is somehow encoded
in the usual gravitational field equations. Indeed, as it has been shown by
E. Verlinde [4] the usual 4-dimensional Friedmann-Robertson-Walker (FRW)
cosmological equations may be re-written in the form reminding about the
entropy of 2-dimensional conformal field theory (CFT). It again appears the
connection between 4-dimensional classical gravitational physics and quan-
tum 2-dimensional CFT. The corresponding 2-dimensional CFT entropy has
been extensively studied sometime ago in [5]. That is why, the 2-dimensional
CFT entropy representation of FRW equations is sometimes called general-
ized Cardy or Cardy-Verlinde formula.
Finally, holographic principle may suggest new interpretation of the evolu-
tion of the observable universe. Indeed, using dual description one can think
about de Sitter phase as preferrable solution of cosmological equations. One
possibility (which is not successfully worked out so far) could be provided by
fixed points of the coupling constants for corresponding dual CFT where de
Sitter space is realized.
The purpose of this work is two-fold. From one side we review the FRW
brane cosmology where brane is embedded in AdS or dS Black Hole (BH)
and induced brane matter in various higher dimensional gravitational theories
from the point of view of the representation of corresponding field equations
in Cardy-Verlinde form. From another side we study brane-world cosmology
in Einstein-Gauss-Bonnet (Einstein-GB) gravity where brane description is
extremely complicated. It is shown that for various values of GB coupling
constant and AdS or dS bulk BHs the induced brane matter may have neg-
ative energy and pressure. It is demonstrated that de Sitter brane is not
preferrable solution of Einstein-GB brane-world cosmology.
The paper is organized as follows. In the next section we give simple
and pedagogical introduction to the Cardy-Verlinde (CV) formula in n + 1-
2
dimensional gravity with general state matter. In other words, FRW cos-
mological equations are rewritten (using several definitions of cosmological
entropy) in the form similar to quantum 2-dimensional CFT entropy. In the
second appearance of CV formula the calculation of the universe entropy
(supposing the valid first law of thermodynamics) gives it in generalized CV
form. For radiation-dominated universe the cosmological entropy reduces to
the standard CV form. In section three we give the introduction to brane-
world program on the example of 5-dimensional Einstein gravity. Of course,
the study of brane cosmology when bulk space is AdS includes huge number
of works (see [6] and references therein). We consider both types of bulks:
AdS and dS BHs and discuss the brane equations of motion presented in
FRW form. Moreover, for each 5-dimensional bulk the FRW equations for
space-like as well as time-like branes are reviewed. The induced brane matter
is introduced. The presentation of such FRW brane equations in CV form is
discussed as well as cosmological entropy bounds and the relation of AdS BH
entropy with cosmological entropy (second way appearance of CV formula).
Section four is devoted to the review of FRW brane equations from 5-
dimensional Reissner-Nordstrom-de Sitter (RNdS) BH and their relation with
CV formula. It is shown that while some contributions due to Maxwell field
appear in the intermediate identifications the corresponding FRW equations
may still be presented in the form similar to 2-dimensional CFT entropy.
In section five we review the role of quantum brane matter to above FRW
equations. Using conformal anomaly induced effective action on the brane,
the quantum-corrected FRW brane equations are written. Bulk space is again
AdS BH. The values (signs) of induced brane matter pressure and energy are
considered in connection with Dominant and Weak Energy Conditions (DEC
and WEC). The quantum-corrected de Sitter brane solution is discussed.
Section six is devoted to the study of induced brane matter from bulk
AdS BH in Einstein-GB gravity. GB combination naturally appears in the
next-to-leading order term of the heterotic string effective action [7]. De-
spite the presence of higher derivative terms, the Einstein-GB field equations
(being much more complicated) include only second derivatives like in ordi-
nary Einstein gravity. That was the reason why there was much activity in
the study of brane-world aspects of Einstein-GB theory [8, 9, 10]. In par-
ticularly, we show that FRW brane equations being very complicated may
be still presented in CV form. The analysis of induced brane matter shows
that for some values of GB coupling constant and in different limits on scale
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factor the dual brane matter is not always CFT. Moreover, there are cases
where matter pressure and energy are not positive. The careful analysis of
DEC and WEC is presented for various types of brane matter. These two
conditions are violated for some choices of GB coupling constant.
In section seven the FRW brane cosmology in Einstein-GB theory is dis-
cussed using the effective potential approach. The same cases of induced
brane matter (for the same values of GB coupling) as in section 6 are con-
sidered. As is shown explicitly, there are various types of brane cosmology:
de Sitter, hyperbolic and flat. Such brane universes may expand or con-
tract, they may be singular or non-singular. De Sitter (inflationary) brane
cosmology does not seem to be the preferrable solution of FRW cosmologi-
cal equations. Some summary and outlook are given in the last section. In
Appendix A, a brief review of the AdS/CFT is given. In Appendix B, the
logarithmic corrections to CV formula (or FRW equations) are found.
2 Brief look to Cardy-Verlinde formula
In the seminal work [4] the very interesting approach to rewrite FRW cosmo-
logical equations in the form reminding about 2-dimensional quantum field
theory has been suggested. In fact, E. Verlinde [4] drew an interesting anal-
ogy between the FRW equations of a standard, closed, radiation–dominated
universe and the 2-dimensional entropy formula due to Cardy [5]. The phys-
ical origin of this analogy between classical gravity theory and 2-dimensional
QFT remains completely hidden.
Before discussing the cosmological Cardy-Verlinde formula, we briefly ex-
plain how the 2-dimensional Cardy formula can be derived. As conformal
fields we consider Majorana spinors. The Majorana spinor in 2 dimensions
has the central charge c = 1
2
. We now consider the system given by N
Majorana spinors. The total central charge is
c =
N
2
. (2.1)
The partition function Z(β) of the system is given by
lnZ(β) = N
∞∑
n=0
ln
(
1 + e−αβ(n+
1
2)
)
. (2.2)
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Here the left-moving sector of the Neveu-Schwarz fermions is considered. β
is the inverse of the temperature T
β =
1
T
. (2.3)
If the spinors live on the circle with the radius R, the dimensional parameter
α is given by
α =
1
2πR
. (2.4)
We now approximate the sum in (2.2) by the integration
lnZ(β) = N
∫ ∞
0
dx ln
(
1 + e−αβx
)
. (2.5)
By changing the variable x to y = αβx, one has
lnZ(β) =
N
αβ
∫ ∞
0
dy ln
(
1 + e−y
)
=
Nπ2
12αβ
. (2.6)
Here the formula ∫ ∞
0
dy ln
(
1 + e−y
)
=
π2
12
. (2.7)
is used. Since the free energy F is given by
− βF = lnZ(β) , (2.8)
we have
F =
Nπ2
12αβ2
=
Nπ2T 2
12α
. (2.9)
Then the following expressions of the entropy and the (thermal average of)
the energy are:
S = −∂F
∂T
=
Nπ2T
6α
, (2.10)
E = −∂ (lnZ(β))
∂β
=
Nπ2
12αβ2
=
Nπ2T 2
12α
. (2.11)
Then
S2 =
Nπ2
3α
E . (2.12)
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Now the energy E is related with the Virasoro operator L0 by
E
α
= L0 − c
24
. (2.13)
Then we obtain
S2 =
Nπ2
3
(
L0 − c
24
)
. (2.14)
Finally using (2.1) we have
S2 =
2cπ2
3
(
L0 − c
24
)
, (2.15)
which is nothing but the Cardy formula
S = 2π
√
c
6
(
L0 − c
24
)
, (2.16)
It is not so difficult to calculate the entropy for massless fields even in higher
dimensions although the obtained formula is not so simple. If one can, how-
ever, generalize the Cardy forumula to higher dimensions, the Virasoro op-
erator L0 should be related with the energy and the central charge with the
Casimir energy. What E. Verlinde has shown is that such total energy and
Casimir one are related with the cosmological entropies in a form similar to
the Cardy formula via the FRW equation of the radiation-dominated uni-
verse. Since the radiation is, of course, the conformal matter, that is, the
trace of the energy-momentum tensor vanishes, it would be natural if we
expect that such a generalized Cardy formula has some physical meaning.
As one sees in the next section, the meaning becomes more clear from the
AdS/CFT correspondence (see Appendix A) if we consider the brane uni-
verse in the bulk spacetime, which expresses the AdS black hole [18]. The
entropy of the CFT is related with the black hole entropy via AdS/CFT.
On the other hand, the entropy in the brane universe is related with the
black hole entropy by considering the brane equation of motion, which can
be identified with the FRW equation of the brane universe.
Let us review this analogy in Einstein gravity for the usual (n + 1)-
dimensional FRW Universe with a metric
ds2 = −dτ 2 + a2(τ)gijdxidxj , (2.17)
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where the n-dimensional spatial hypersurfaces with negative, zero or positive
curvature are parametrized by K = −1, 0, 1, respectively. For example,
K = −1 corresponds to hyperboloid (of one sheet), K = 0 to flat surface,
and K = 1 to sphere, whose metric is given by
gijdx
idxj =
dr2
1−Kr2 + r
2dΩ2n−1 . (2.18)
Here dΩ2n−1 is the metric of n−1-dimensional sphere with unit radius. If Rij
is the Ricci tensor given by gij, we have
Rij = (n− 1)Kgij . (2.19)
In our discussion of cosmology based on Einstein gravity, we parametrize the
curvature of the spatial hypersurfaces in terms of K = −1, 0, 1 since direct
comparison with the standard cosmological equations is then straightforward.
In other sections, we often use the lower letter k defined by k ≡ (n − 1)K,
instead of the capital letter K. We limit our discussion mainly to that of the
closed universe (K = 1), with a spatial volume defined by V = an
∫
dnx
√
g.
The standard FRW equations, which follow from the Einstein equations may
then be written as
H2 =
16πG
n(n− 1)ρ−
K
a2
,
H˙ = − 8πG
(n− 1) (ρ+ p) +
K
a2
, (2.20)
where ρ = ρm +
Λ
8πG
, p = pm − Λ8πG , Λ is a cosmological constant and ρm
and pm are the energy density and pressure of the matter contributions. The
energy conservation equation is
ρ˙+ n(ρ+ p)
a˙
a
= 0 (2.21)
and for a perfect fluid matter source with equation of state pm = ωρm (ω =
constant) Eq. (2.21) is solved as:
ρ = ρ0a
−n(1+ω) +
Λ
8πG
. (2.22)
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When ω = 0 the pressure vanishes p = 0, which corresponds to dust and ρ
behaves as ρ ∝ a−n, on the other hand, if ω = 1
n
, the trace of the energy
momentum tensor vanishes : T µµ = −ρ+ np = 0 which corresponds to CFT
or radiation:
ω = 0 dust pm = 0 , ρm ∝ a−n
ω = 1
n
radiation −ρm + npm = 0 , pm ∝ ρm ∝ a−(n+1) . (2.23)
We should note that if we identify
2π
n
V ρa ⇒ 2πL0 ,
(n− 1)V
8πGa
⇒ c
12
,
(n− 1)HV
4G
⇒ S, (2.24)
when K = 1, we can rewrite the first FRW equation (2.20) in the form of
Cardy formula Eq.(2.15). Note that in (2.24), (n−1)HV
4G
is nothing but the
Hubble entropy.
The definitions for the Hubble, Bekenstein [11] and Bekenstein-Hawking
entropies are given as following [4]:
SH = (n− 1)HV
4G
, SBH = (n− 1) V
4Ga
, SB =
2πa
n
E , (2.25)
where the total energy, E, is defined as E = ρV and contains the contribution
from the cosmological constant term. This differs from that of the standard
case, where the definitions of the entropies SBH and SB may differ slightly in
their coefficients. This is specific to the presence of a cosmological constant
[13, 14].
The Bekenstein entropy SB [11] gives the bound for the total entropy S ≤
SBH for the system with limited gravity. The bound is usuful for relatively
low energy density or small volumes. Then the bound is not appropriate
for strongly-gravitating universe, where Ha ≥ 1. In this case SB ≥ SBH .
In the strongly-gravitating universe, the black hole production should be
accounted for. SBH grows like an area rather than the volume and for the
closed universe SBH reduces to the well-known expression of A/4G, where
A expresses the area. (This is, of course, typical for Einstein gravity as for
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higher derivative gravity the area law may not hold.) In [12], however, it has
been argued that, when Ha > 1, the total entropy should be bounded by the
Hubble entropy SH , which is the entropy of the black hole with the radius of
the Hubble size.
By employing the definitions (2.25), one can easily rewrite the FRW equa-
tions (2.20) as a cosmological Cardy-Verlinde (CV) formula:
SH =
2π
n
a
√
EBH (2E −KEBH) ,
KEBH = n (E + pV − THSH) , (2.26)
where the energy and Hawking temperature of the black hole are defined as
EBH = n(n− 1) V
8πGa2
, TH = − H˙
2πH
. (2.27)
and we have separated the energy into a matter part and a cosmological con-
stant part, i.e., E = Em+Ecosm, where Ecosm =
Λ
8πG
V . This is simply a way to
rewrite the FRW equations in a form that resembles the equation defining the
entropy of a 2-dimensional CFT. However, the following remark is in order:
the presence of cosmological constant may change some of the coefficients
in Eq. (2.26) and this depends on precisely how the separation between the
strongly and weakly interacting gravitational phases is made (compare with
[13, 14]). In any case, the energy associated with the cosmological constant
term is hidden in the expression for E, Eq. (2.26).
Later, we discuss the motion of the brane in Schwarzschild-(A)dS bulk
space. The motion is again described by the FRW-like equation from which
Cardy-Verlinde formula follows. The Hawking temperature TH (2.27) coin-
cides with that of the black hole, when the radius a of the universe is equal
to the horizon radius, that is, the brane crosses the horizon.
Eq. (2.26) may also be rewritten in another form:
S2H = SBH (2SB −KSBH) . (2.28)
Since the definition of SB normally contains only matter contributions, it is
reasonable to define SB ≡ SmB +ScosmB , where the entropy associated with the
cosmological constant is given by
ScosmB =
aV Λ
4nG
. (2.29)
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The appearance of such a new “cosmological constant” contribution to the
entropy in the CV formula is quite remarkable.
Thus far, we have discussed the appearance of the CV formula as a way to
rewrite the FRW equations. However, the CV formula appears in a second
formulation when one calculates the entropy S, of the universe. Indeed,
following Ref.[4], one can represent the total energy E = ρV of the universe
as the sum of the extensive energy, EE , and the subextensive (Casimir) energy
EC :
E(S, V ) = EE(S, V ) +
1
2
EC(S, V ) . (2.30)
Note that unlike the case considered by Verlinde [4], the cosmological con-
stant contribution appears in EE. Nevertheless, the constant rescaling of the
energy is given by
EE (λS, λV ) = λEE (S, V ) ,
EC (λS, λV ) = λ
1− 2
nEC (S, V ) . (2.31)
Now, if one assumes that the first law of thermodynamics is valid and
that the expansion is adiabatic, one deduces that
dS = 0 , s =
an
T
(ρ+ p) + s0, (2.32)
where the entropy S ≡ s ∫ dnx√g, s0 is an integration constant and T is the
temperature of the universe. It then follows that the Casimir energy is given
by [15]
EC = n (E + pV − TS) = −nTs0
∫
dnx
√
g (2.33)
and, consequently, that EC ∼ a−nω and EE − Ecosm ∼ a−nω. This further
implies that the products ECa
nω and (EE − Ecosm) anω are independent of
the spatial volume of the universe, V . By employing the scaling relations
(2.31) one then concludes that [15]:
EE −Ecosm = α
4πanω
Sω+1 , EC =
β
2πanω
Sω+1−
2
n , (2.34)
where α and β are some unknown constants. (They are known for CFT in 4
dimensions). Hence, the entropy is given by
S =
[
2πanω√
αβ
√
EC (EE − Ecosm)
] n
(ω+1)n−1
. (2.35)
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Eq. (2.35) represents the generalization of the Cardy-Verlinde formula found
by Youm [15] in the absence of a contribution from the cosmological con-
stant. The negative term associated with such a cosmological entropy is
quite remarkable. In the case of a radiation-dominated universe, Eq. (2.35)
reduces to the standard CV formula with the familiar square root term[5].
This formulation will be used below when one writes the equation of brane
motion as FRW equation.
3 FRW brane equations in the background of
AdS and dS Schwarzschild black hole
As shown in the previous section, Verlinde [4] has found that the FRW equa-
tion describing the radiation dominated universe has a structure similar to
the Cardy formula which gives a relation between the entropy and the Vira-
soro operator. Since the Cardy-Verlinde formula follows from the compari-
son between the FRW equation and the Cardy formula, the physical origin
or meaning of the correspondence was not clear. Savonije and Verlinde [18]
have shown that the origin of the formula becomes more clear in terms of
AdS/CFT set-up (Appendix A). If we consider the AdS black hole spacetime
instead of the pure AdS, we can introduce the temperature and the entropy
via the Hawking temperature and the Bekenstein-Hawking entropy. By the
AdS/CFT correspondence, the temperature and the entropy can be related
with those of the corresponding CFT. In the AdS/CFT, the CFT can be
regarded to exist on the boundary which lies at infinity in the AdS. One can
put the boundary at finite distance. Then the boundary can be regarded
as a brane where CFT exists. The dynamics of the brane is described by
FRW-like equations. If the brane is our universe, the entropy of the universe
can be related with the black hole entropy. Then the Cardy-Verlinde formula
would tell that the relation of the black hole entropy with the black hole en-
ergy (mass) corresponds to the relation of the entropy and the energy of the
CFT at the finite temperature.
In this section, we review briefly the relationship between the entropy
of AdS and dS Schwarzschild space and those of the dual CFT which lives
on the brane by using Friedmann-Robertson-Walker (FRW) equations and
Cardy-Verlinde formula. The holographic principle between the radiation
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dominated FRW universe in d-dimensions and same dimensional CFT with
a dual d + 1-dimensional AdS description was studied by E. Verlinde [4].
Especially, one can see the correspondence between black hole entropy and
the entropy of the CFT which is derived by making the appropriate identi-
fications for FRW equation with the generalized Cardy formula. The Cardy
formula is originally the entropy formula of the CFT only for 2 dimensions
[5], while the generalized Cardy formula expresses that of the CFT for any
dimensions [4]. From the point of brane-world physics [16], the CFT/FRW
relation sheds further light on the study of the brane CFT in the background
of AdS Schwarzschild black hole [18]. There was much activity on the studies
of related questions[9, 10, 19, 20, 22, 23, 24, 25, 26] making use the connection
with Cardy-Verlinde formula.
We will describe 4 kinds of FRW Eqs. following from AdS and dS
Schwarzschild black hole, i.e., time(space)-like FRW Eqs. from AdS(dS)
Schwarzschild background. If all the vectors tangential to the brane are
space-like, we call the brane space-like one. If there is any time-like tangen-
tial vector, we call the brane time-like one. We consider the FRW Eqs. for
both cases.
One first considers a 4-dimensional time-like brane in 5-dimensional AdS
Schwarzschild background. From the analogy with the AdS/CFT correspon-
dence, one can regard that 4-dimensional CFT exists on the brane which is
the boundary of the 5-dimensional AdS Schwarzschild background. The bulk
action is given by the 5-dimensional Einstein action with cosmological term.
The dynamics of the brane is described by the boundary action:4
Lb = − 1
8πG5
∫
∂M
√−gK + κ
8πG5
∫
∂M
√−g , K = Kii (3.1)
Here G5 is 5-dimensional bulk Newton constant, ∂M denotes the surface of
the brane, g is the determinant of the induced metric on ∂M, Kij is the
extrinsic curvature, κ is a parameter related to tension of the brane. From
this Lagrangian, we can get the equation of motion of the brane as [18]:
Kij = κ
2
gij , (3.2)
which implies that ∂M is a brane of constant extrinsic curvature. The bulk
action is given by 5-dimensional Einstein action with cosmological constant.
4In this paper, lower case Latin indices span the world–volume, (i, j) = (0, 1, 2, 3), lower
case Greek indices span the bulk coordinates and a comma denotes partial differentiation.
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The AdS Schwarzschild space is one of the exact solutions of bulk equations
of motion and can be written in the following form,
ds25 = Gˆµνdx
µdxν
= −e2ρdt2 + e−2ρda2 + a2dΩ23 ,
e2ρ =
1
a2
(
−µ + a2 + a
4
l2AdS
)
. (3.3)
Here lAdS is the curvature radius of AdS and µ is the black hole mass. Follow-
ing the method of the work [18], one rewrites AdS Schwarzschild metric (3.3)
in the form of FRW metric by using a new time parameter τ . Note that the
parameters t and a in (3.3) are the functions of τ , namely a = a(τ), t = t(τ).
For the purpose of getting the 4-dimensional FRW metric, we impose the
following condition,
− e2ρ
(
∂t
∂τ
)2
+ e−2ρ
(
∂a
∂τ
)2
= −1 . (3.4)
Thus one obtains time-like FRW metric:
ds24 = gijdx
idxj = −dτ 2 + a2dΩ23 . (3.5)
The extrinsic curvature, Kij , of the brane can be calculated and expressed
in terms of the function a(τ) and t(τ). Thus one rewrites the equations of
motion (3.2) as
dt
dτ
= −κa
2
e−2ρ . (3.6)
Using (3.4) and (3.6), we can derive FRW equation for a radiation dominated
universe where Hubble parameter H which is defined by H = 1
a
da
dτ
is given
by
H2 = − 1
l2AdS
− 1
a2
+
µ
a4
+
κ2
4
. (3.7)
From the point of view of brane-world physics [16], the tension of brane
should be determined without ambiguity as κ = 2/lAdS, so we take it as
above from now on. In fact, one can calculate κ requiring to cancel the
leading divergence of bulk AdS Schwarzschild.
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This equation can be rewritten by using 4-dimensional energy density ρ
and volume V in the form of the standard FRW equation with the cosmo-
logical constant Λ:
H2 = − 1
a2
+
8πG4
3
ρ+
Λ
3
,
ρ =
3µ
8πG4a4
, Λ = 0 . (3.8)
Here G4 is the 4-dimensional gravitational coupling, which is defined by
G4 =
2G5
lAdS
. (3.9)
ρ can be regarded as 4-dimensional energy density on the brane in AdS
Schwarzschild background. We should note that when the bulk is pure AdS
with µ = 0 and therefore ρ = 0, the FRW equation (3.8) reduces to
H2 = − 1
a2
. (3.10)
The equation (3.10) has no solution since l.h.s. is positive but r.h.s. is
negative.
By differentiating Eq.(3.8) with respect to τ , we obtain the second FRW
equation:
H˙ = −4πG4 (ρ+ p) + 1
a2
,
p =
µ
8πG4a4
. (3.11)
Here p is 4-dimensional pressure of the matter on the boundary.
From Eqs.(3.8) and (3.11), one finds that the energy-momentum tensor
is traceless:
Tmatter µµ = −ρ+ 3p = 0 . (3.12)
Therefore the matter on the brane can be regarded as the radiation. This
result means the field theory on the brane should be CFT as in case of AdS
Schwarzschild background [17, 18].
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Next, one considers space-like brane in 5-dimensional AdS Schwarzschild
background. Similarly, we impose the following condition to obtain space-like
brane metric instead of Eq.(3.4):
− e2ρ
(
∂t
∂τ
)2
+ e−2ρ
(
∂a
∂τ
)2
= 1 . (3.13)
Thus the following FRW-like metric is obtained:
ds24 = gijdx
idxj = dτ 2 + a2dΩ23 . (3.14)
Note that this metric is also derived by Wick-rotation τ → iτ in Eq.(3.5).
We again calculate the equations of motion and the extrinsic curvature of
space-like brane instead of (3.2) and (3.6). These equations lead to FRW
like equation as follows:
H2 =
1
l2AdS
+
1
a2
− µ
a4
+
κ2
4
. (3.15)
One assumes this equation can be rewritten by using 4-dimensional energy
density ρ in the form analogous to the standard FRW equations:
H2 =
1
a2
− 8πG4
3
ρ− Λ
3
, (3.16)
ρ =
3µ
8πG4a4
, Λ = − 6
l2AdS
.
H˙ = 4πG4 (ρ+ p)− 1
a2
, p =
µ
8πG4a4
. (3.17)
The reason why the sign of FRW equations is different from the standard
FRW equations (3.8) results from the condition (3.13), namely τ → iτ in
Eq.(3.5). From Eqs.(3.16) and (3.17), it follows the energy-momentum tensor
is traceless again. It is interesting that the cosmological constant on the brane
doesn’t appear for time-like FRWmetric, while it appears for space-like FRW
metric in AdS Schwarzschild background. We will see what happens in dS
Schwarzschild case next.
When the bulk is pure AdS, µ = 0 and therefore ρ = 0. The solution of
(3.16) is given by
a =
lAdS√
2
sinh
(
τ
√
2
lAdS
)
, (3.18)
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which is one of two sheet hyperboloid.
One assumes that there is some holographic relation between FRW uni-
verse which is reduction from dS Schwarzschild background and boundary
CFT. The dS Schwarzschild space is also one of the exact solutions of bulk
equations (with proper sign of bulk cosmological constant)
ds25 = Gˆµνdx
µdxν
= −e2ρdt2 + e−2ρda2 + a2dΩ23 ,
e2ρ =
1
a2
(
−µ + a2 − a
4
l2dS
)
. (3.19)
Here ldS is the curvature radius of dS and µ is the black hole mass. This
metric is very similar to the AdS Schwarzschild metric (3.3). The differ-
ence of Eq.(3.3) and Eq.(3.19) is in the sign in the third term of e2ρ, which
corresponds to cosmological term in the bulk.
We first consider time-like brane in 5-dimensional dS Schwarzschild back-
ground. Similarly to AdS case, one imposes the same condition (3.4) in order
to obtain time-like FRW metric (3.5). Then using equation of motion which
has the same form as Eq.(3.6), we obtain FRW like equation as follows:
H2 =
1
l2dS
− 1
a2
+
µ
a4
+
κ2
4
. (3.20)
From the standard FRW equations (3.8),(3.11), one defines E4,Λ and p as
ρ =
3µ
8πG4a4
, Λ =
6
l2dS
,
p =
µ
8πG4a4
. (3.21)
The cosmological constant Λ has the opposite sign to AdS Schwarzschild case
in Eq.(3.16), G4 is the 4-dimensional gravitational coupling, which is defined
by
G4 =
2G5
ldS
. (3.22)
We now choose κ2 = 4l2dS. When the bulk is pure de Sitter with µ = 0 and
therefore ρ = 0, the solution of (3.21) is given by
a =
ldS√
2
cosh
(
τ
√
2
ldS
)
, (3.23)
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which is so-called one-sheet hyperboloid.
On the other hand, by using the same method for AdS Schwarzschild
background with space-like FRW metric, from FRW-like equation,
H2 = − 1
l2dS
+
1
a2
− µ
a4
+
κ2
4
, (3.24)
one can derive the E4,Λ and p with κ
2 = 4l2dS, as
ρ =
3µ
8πG4a4
, Λ = 0 ,
p =
µ
8πG4a4
. (3.25)
Therefore we find the energy-momentum tensor is traceless (dual QFT is
CFT) for the dS Schwarzschild background too. When the bulk is pure de
Sitter, the solution of (3.24) is given by
a = τ , (3.26)
which is the cone.
We point out that[20] the cosmological constant on the brane appears
in AdS Schwarzschild background with space-like brane, while it appears in
dS Schwarzschild background with time-like brane. The energy-momentum
tensor is traceless for all cases.
Moreover, for all cases Hubble parameter H takes the same form as
±1/lAdS or ±1/ldS when brane crosses the horizon. Here the plus sign corre-
sponds to the expanding brane universe and the minus one to the contracting
universe. Let us choose the expanding case below. The 4-dimensional Hubble
entropy is defined as[4]
S =
HV
2G4
(3.27)
It takes the following forms
S4 =
V
2lAdSG4
,
V
2ldSG4
=
V
4G5
. (3.28)
when brane crosses the horizon. Here Eqs.(3.9), (3.22) are used. The entropy
(3.28) is nothing but the Bekenstein-Hawking entropy of 5-dimensional AdS
(dS) black hole similarly to ref.[18, 19].
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Coming back to the discussion of previous section where it was shown
that the d-dimensional FRW equation can be regarded as an analogue of the
Cardy formula of 2-dimensional CFT [4] one gets
S4 = 2π
√
c
6
(
L0 − c
24
)
. (3.29)
Let us use the Cardy formula for AdS(dS) Schwarzschild background with
time-like and space-like branes.
For time-like brane of AdS Schwarzschild background, identifying
2π
3
V ρa ⇒ 2πL0 ,
V
8πG4a
⇒ c
24
,
HV
2G4
⇒ S4, (3.30)
one can rewrite FRW equation (3.8) in the form of Cardy formula Eq.(3.29).
Note that the identification of Eq.(3.30) is identical with original one [4]
exactly.
For space-like brane of AdS Schwarzschild background, identifying
2π
3
(
V ρa+
ΛV a
8πG4
)
⇒ 2πL0 ,
V
8πG4a
⇒ c
24
,
−iHV
2G4
⇒ S4, (3.31)
one rewrites FRW equation (3.16). Here H changes as H → −iH since H is
defined by H = 1
a
da
dτ
and d
dτ
change as −i d
dτ
by the Wick-rotation, τ → iτ .
For time-like brane of dS Schwarzschild background, we assume the iden-
tification as
2π
3
(
V ρa+
ΛV a
8πG4
)
⇒ 2πL0 ,
V
8πG4a
⇒ c
24
,
HV
2G4
⇒ S4 , (3.32)
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In above two cases, space-like brane of AdS and time-like brane of dS Schwarzschild
background, the effect of the cosmological constant appears in Cardy formula.
We included contribution of the cosmological constant in L0 because it shifts
the vacuum energy. This means the cosmological entropy bound [4] should
be changed. The Bekenstein bound in 4-dimensions is
S ≤ SB, SB ≡ 2π
3
ρV a . (3.33)
Using Eq.(3.32), the Bekenstein entropy bound should be changed as follows:
S ≤ SB, SB ≡ 2π
3
V a
(
ρ+
Λ
8πG4
)
. (3.34)
Thus, the effect of the cosmological constant appears in the change of the
Bekenstein entropy bound.
For space-like brane of dS Schwarzschild background, the identification
looks as follows:
2π
3
V ρa ⇒ 2πL0 ,
V
8πG4a
⇒ c
24
,
−iHV
2G4
⇒ S4 , (3.35)
which represents the FRW-like equation (3.24) in the form of Cardy formula
Eq.(3.29) again. Thus, we presented the review of brane motion as FRW
equation (or Cardy formula) in AdS (dS) Schwarzschild black hole back-
ground when the theory is Einstein gravity with cosmological constant.
In order to discuss the second way of getting the Cardy formula by using
Casimir energy like in Eq.(2.35) one should use the holographic principle.
For simplicity, we examine only the 5-dimensional AdS Schwarzschild black
hole case here.
The horizon radius, aH , is deduced by solving the equation e
2ρ(aH ) = 0 in
(3.3), i.e.,
a2H = −
l2AdS
2
+
1
2
√
l4AdS + 4µl
2
AdS . (3.36)
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The Hawking temperature, TH , is then given by
TH =
(e2ρ)′|a=aH
4π
=
1
2πaH
+
aH
πl2AdS
, (3.37)
where a prime denotes differentiation with respect to r. One can also rewrite
the mass parameter, µ, using aH or TH from Eq. (3.36) as follows:
µ =
a4H
l2AdS
+ a2H = a
2
H
(
a2H
l2AdS
+ 1
)
=
1
4
(
πl2AdSTH ±
√
(πl2AdSTH)
2 − 2l2AdS
)2
×
(
1
4l2AdS
(
πl2AdSTH ±
√
(πl2AdSTH)
2 − 2l2AdS
)2
+ 1
)
. (3.38)
The entropy S and the thermodynamical energy E of the black hole are given
in [18, 19]
S = V3πa
3
H
2
8
16πG5
=
V3π
32πG5
(
πl2TH ±
√
(πl2TH)2 − kl2
)3
. (3.39)
E =
3V3µ
16πG5
. (3.40)
On the other hand, the 4-dimensional energy can be derived from the FRW
equations of the brane universe in the SAdS background. It is given by
Eq.(3.8)
E4 =
3V3lAdSµ
16πG5a
. (3.41)
Then the relation between 4-dimensional energy E4 on the brane and 5-
dimensional energy in Eq.(3.40) is as follows [18]
E4 =
lAdS
a
E . (3.42)
It is assumed that the total entropy S of the dual CFT on the brane is given
by Eq. (3.39). If this entropy is constant during the cosmological evolution,
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the entropy density s is given by
s =
S
a3V3
=
a3H
2a3G4lAdS
(3.43)
If one further assumes that the temperature T on the brane differs from the
Hawking temperature TH by the factor lAdS/a like energy relation, it follows
that
T =
lAdS
a
TH =
rH
πalAdS
+
lAdS
2πaaH
(3.44)
and, when a = aH , this implies that
T =
1
πlAdS
+
lAdS
2πa2H
. (3.45)
If the energy and entropy are purely extensive, the quantity E4 + pV − TS
vanishes. In general, this condition does not hold and one can define the
Casimir energy EC as in case for Einstein gravity (section two):
EC = 3 (E4 + pV − TS) . (3.46)
Then, by using Eqs. (3.39), (3.41), and (3.44), and the relation 3p = E4/V ,
we find that
EC =
3lAdSa
2
HV3
8πG5a
. (3.47)
Finally, by combining Eqs. (3.39), (3.41), and (3.47) one gets
S = 4πa
3
√
2
√∣∣∣∣EC (E4 − 12EC
)∣∣∣∣ . (3.48)
Thus, we have demonstrated how the FRW equation which is written in CV
form (second way) can be related to the thermodynamics of the bulk black
hole. Similarly, one can consider bulk dS black hole thermodynamics.
4 FRW brane equations from 5-dimensional
Einstein-Maxwell gravity
In this section, we discuss the Cardy-Verlinde formula from the 5-dimensional
Einstein-Maxwell gravity. The example of such sort is necessary in order to
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understand the role of non-gravitational fields in rewriting of FRW equations
in the Cardy form.
Let us consider 4-dimensional brane in 5-dimensional Reissner-Nordstrom-
de Sitter (RNdS) background following ref.[22]. The bulk solution is given
as: 5
ds2 = −h(a)dt2 + 1
h(a)
da2 + a2dΩ23 , (4.1)
h(a) = e2ρ
= 1− a
2
l2dS
− ω4M
a2
+
3ω24Q
2
16a4
, (4.2)
ω4 =
16πG5
3V3
, φdS(a) =
3
8
ω4Q
a2
. (4.3)
Here ldS is the curvature radius of dS background, dΩ
2
3 is a unit 3-dimensional
sphere with volume V3, G5 is the 5-dimensional Newton constant, M and
Q are the conserved quantities of black hole mass and charge respectively.
φdS(a) is a measure of the electrostatic potential at a.
To derive FRW equations, one adopts the same method of Section 3. The
dynamics of the brane is assumed to be described by the boundary action
(3.1) even in RNdS bulk. Then one can get the equation of motion of the
brane from this Lagrangian as in (3.2). Following the method of Section 3,
we rewrite RNdS metric (4.1) in the form of FRW metric by using a new time
parameter τ . On the brane the coordinates t and a in (4.1) are the functions
of τ , namely a = a(τ), t = t(τ) as in (3.5). By imposing the condition (3.4),
we can rewrite the equations of motion (3.2) as (3.6), again. From Eqs. (3.4)
and (3.6), one can derive FRW equation for a radiation dominated universe
(Hubble parameter H is defined by H = 1
a
da
dτ
H2 =
1
l2dS
− 1
a2
+
ω4M
a4
− 3ω
2
4Q
2
16a6
+
κ2
4
(4.4)
The tension of brane is chosen as κ = 2/ldS. The above equation can be writ-
ten in the form of the standard FRW equation with Q and the cosmological
5In our conventions, black hole mass µ represents the ω4M in Eq.(4.2). Hereafter we
adopt M as black hole mass instead of µ for later convenience.
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constant Λ:
H2 = − 1
a2
+
8πG4
3
(
ρ− 1
2
φρQ
)
+
Λ
3
,
ρ =
E4
V
=
3ω4M
8πG4a4
, V = a3V3 , Λ =
6
l2dS
,
ρQ =
Q
V
, φ =
ldS
a
φdS , G4 =
2G5
ldS
. (4.5)
Here G4 is the 4-dimensional gravitational coupling again and ρ and ρQ can
be regarded as 4-dimensional energy density and charge density on the brane
in RNdS background respectively.
By differentiating Eq.(4.5) with respect to τ , we obtain the second FRW
equation:
H˙ = −4πG4 (ρ+ p− φρQ) + 1
a2
,
p =
ω4M
8πG4a4
. (4.6)
Here p is 4-dimensional pressure of the matter on the boundary.
Next, we recall the Cardy formula of 2-dimensional CFT:
S4 = 2π
√
c
6
(
L0 − c
24
)
. (4.7)
One can get now the Cardy formula for RNdS background with time-like
branes.6 For time-like brane on RNdS background, the following identifica-
tions may be done
2π
3
(
E4a− 1
2
φQa+
ΛV a
8πG4
)
⇒ 2πL0 ,
V
8πG4a
⇒ c
24
,
HV
2G4
⇒ S4 , (4.8)
6For space-like brane, this may be easily repeated like for AdS(dS) Schwarzschild
background.
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It is clear that with above identifications FRW equations take the form of
Cardy formula. Note that the effect of Q and the cosmological constant
appears in Cardy formula (in the shift of energy for Hamiltonian). We in-
cluded the contribution of the cosmological constant in L0 because it shifts
the vacuum energy. This means the cosmological entropy bound[4] should
be changed. The Bekenstein bound in 4-dimensions is
S ≤ SB, SB ≡ 2π
3
E4a . (4.9)
Using Eq.(4.8), the Bekenstein entropy bound should be changed as follows:
S ≤ SB, SB ≡ 2π
3
a
(
E4 − 1
2
φQ+
ΛV
8πG4
)
. (4.10)
Thus, the matter fields (vectors in the example under consideration) modify
some quantities which appear in Cardy formula via the contribution of the
electric potential in the operator of Virasoro algebra of zero level. Moreover,
the Bekenstein entropy bound is also modified. In the same way, the other
fields (fermions, tensor fields, etc) will influence to Cardy representation of
FRW equations. Of course, the explicit equations may be quite complicated.
Note also that similarly to the discussion of the previous section one can
relate thermodynamic entropy of RNdS BH with dual CFT entropy and to
get the CV formula from such relation. AdS/CFT correspondence is again
used in such calculation.
5 Brane New World from 5-dimensional
AdS-Schwarzschild Black Hole
The interesting question now is: what is the role of quantum brane effects to
FRW brane cosmology and to representation of FRW equations in the form
of 2-dimensional entropy equation? In this section based on [26], we review
the appearance of quantum matter effects in the brane equations of motion.
We assume the brane connects two bulk spaces and we may also identify
the two bulk spaces as in [16] by imposing Z2 symmetry. One starts with
the Minkowski signature action S which is the sum of the Einstein-Hilbert
action SEH with the cosmological term, the Gibbons-Hawking surface term
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SGH, the surface counter term S1 and the trace anomaly induced action W:
S = SEH + SGH + 2S1 +W, (5.1)
SEH =
1
16πG5
∫
d5x
√
−g(5)
(
R(5) +
12
l2
)
, (5.2)
SGH =
1
8πG5
∫
d4x
√
−g(4)∇µnµ, (5.3)
S1 = − 6
16πG5lAdS
∫
d4x
√
g(4), (5.4)
W = b
∫
d4x
√
−g˜F˜A+ b′
∫
d4x
√
g˜
{
A
[
2 ˜2 + R˜µν∇˜µ∇˜ν
−4
3
R˜ ˜2 + 2
3
(∇˜µR˜)∇˜µ
]
A+
(
G˜− 2
3
˜R˜)A} (5.5)
− 1
12
{
b′′ +
2
3
(b+ b′)
} ∫
d4x
√
g˜
[
R˜ − 6 ˜A− 6(∇˜µA)(∇˜µA)]2
.
Here the quantities in the 5-dimensional bulk spacetime are specified by the
suffices (5) and those in the boundary 4-dimensional spacetime are specified
by (4) (for details, see [27]). In (5.3), n
µ is the unit vector normal to the
boundary. The Gibbons-Hawking term SGH is necessary in order to make
the variational method well-defined when there is boundary in the space-
time. In (5.4), the coefficient of S1 is determined from AdS/CFT [28]. The
factor 2 in front of S1 is coming from that we have two bulk regions which
are connected with each other by the brane. In (5.5), one chooses the 4-
dimensional boundary metric as g(4)µν = e
2Ag˜µν , where g˜µν is a reference
metric. G (G˜) and F (F˜ ) are the Gauss-Bonnet invariant and the square of
the Weyl tensor. W can be obtained by integrating the conformal anomaly
with respect to the scale factor A of the metric tensor since the conformal
anomaly should be given by the variation of the quantum effective action
with respect to A. Note that quantum effects of brane CFT are taken into
account via Eq.(5.5).
In the effective action (5.5) induced by brane quantum conformal mat-
ter, in general, with N scalar, N1/2 spinor, N1 vector fields, N2 (= 0 or 1)
gravitons and NHD higher derivative conformal scalars, b, b
′ and b′′ are [27]
b =
N + 6N1/2 + 12N1 + 611N2 − 8NHD
120(4π)2
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b′ = −N + 11N1/2 + 62N1 + 1411N2 − 28NHD
360(4π)2
, b′′ = 0 . (5.6)
For typical examples motivated by AdS/CFT correspondence one has: a)
N = 4 SU(N) SYM theory : b = −b′ = N2−1
4(4π)2
, b) N = 2 Sp(N) theory :
b = 12N
2+18N−2
24(4π)2
and b′ = −12N2+12N−1
24(4π)2
. Note that b′ is negative in the above
cases. It is important to note that brane quantum gravity may be taken into
account via the contribution to correspondent parameters b, b′.
Then on the brane, we have the following equation which generalizes the
classical brane equation of the motion:
0 =
48l4AdS
16πG5
(
A,z − 1
lAdS
)
e4A + b′
(
4∂4τA + 16∂
2
τA
)
−4(b+ b′)
(
∂4τA− 2∂2τA− 6(∂τA)2∂2τA
)
. (5.7)
This equation is derived from the condition that the variation of the action
on the brane, or the boundary of the bulk spacetime, vanishes under the
variation over A. The first term proportional to A,z expresses the bulk gravity
force acting on the brane and the term proportional to 1
lAdS
comes from the
brane tension. The terms containing b or b′ express the contribution from
the conformal anomaly induced effective action (quantum effects). In (5.7),
one uses the form of the metric as
ds2 = dz2 + e2A(z,τ)g˜µνdx
µdxν , g˜µνdx
µdxν ≡ l2
(
−dτ 2 + dΩ23
)
. (5.8)
Here dΩ23 corresponds to the metric of 3-dimensional unit sphere.
As a bulk space, one considers 5d AdS-Schwarzschild black hole spacetime
(3.3). By putting a = r, h = e2ρ, and µ = 16πG5M
3V3
(V3 is the volume of the
unit 3 sphere) and by choosing new coordinates (z, τ) as
e2A
h(a)
A2,z − h(a)t2,z = 1 ,
e2A
h(a)
A,zA,τ − h(a)t,zt,τ = 0
e2A
h(a)
A2,τ − h(a)t2,τ = −e2A . (5.9)
the metric takes the warped form (5.8). Here a = lAdSe
A. Further choosing
a coordinate t˜ by dt˜ = leAdτ , the metric on the brane takes FRW form:
e2Ag˜µνdx
µdxν = −dt˜2 + l2AdSe2AdΩ23 . (5.10)
26
By solving Eqs.(5.9), we have
H2 = A2,z − he−2A = A2,z −
1
l2AdS
− 1
a2
+
16πG5M
3V3a4
. (5.11)
Here the Hubble constant H is introduced: H = 1
a
da
dt˜
= dA
dt˜
. On the other
hand, from (5.7) one gets
A,z =
1
lAdS
+
πG5
3
{
−4b′
((
Ht˜t˜t˜ + 4H
2
t˜ + 7HHt˜t˜ + 18H
2Ht˜ + 6H
4
)
+
4
a2
(
Ht˜ +H
2
))
+ 4(b+ b′)
((
Ht˜t˜t˜ + 4H
2
t˜
+7HHt˜t˜ + 12H
2Ht˜
)
− 2
a2
(
Ht˜ +H
2
))}
. (5.12)
Then combining (5.11) and (5.12), we find
H2 = − 1
l2AdS
− 1
a2
+
16πG5M
3V3a4
+
[
1
lAdS
+
πG5
3
{
−4b′
((
H,t˜t˜t˜ + 4H
2
,t˜
+7HH,t˜t˜ + 18H
2H,t˜ + 6H
4
)
+
4
a2
(
H,t˜ +H
2
))
(5.13)
+4(b+ b′)
((
H,t˜t˜t˜ + 4H
2
,t˜ + 7HH,t˜t˜ + 12H
2H,t˜
)
− 2
a2
(
H,t˜ +H
2
))}]2
.
This expresses the quantum correction to the corresponding brane equation
in [18]. In fact, if we put b = b′ = 0, Eq.(5.13) reduces to the classical FRW
equation
H2 = − 1
a2
+
16πG5M
3V3a4
. (5.14)
Further by differentiating Eq.(5.13) with respect to t˜, one arrives to second
FRW equation. One can rewrite FRW equations in more familiar form
H2 = − 1
a2
+
8πG4ρ
3
(5.15)
ρ =
lAdS
a
[
M
V3a3
+
3a
16πG5
[[
1
lAdS
+
πG5
3
{
−4b′
((
H,t˜t˜t˜ + 4H
2
,t˜ + 7HH,t˜t˜
+18H2H,t˜ + 6H
4
)
+
4
a2
(
H,t˜ +H
2
))
+ 4(b+ b′)
((
H,t˜t˜t˜ + 4H
2
,t˜
27
+7HH,t˜t˜ + 12H
2H,t˜
)
− 2
a2
(
H,t˜ +H
2
))}]2
− 1
l2AdS
]]
, (5.16)
H,t˜ =
1
a2
− 4πG4(ρ+ p) (5.17)
ρ+ p =
lAdS
a
[
4M
3V3a3
− 1
24l3AdSH
[
1
lAdS
+
πG5
3
{
−4b′
((
H,t˜t˜t˜ + 4H
2
,t˜ + 7HH,t˜t˜
+18H2H,t˜ + 6H
4
)
+
4
a2
(
H,t˜ +H
2
))
+4(b+ b′)
((
H,t˜t˜t˜ + 4H
2
,t˜ + 7HH,t˜t˜ + 12H
2H,t˜
)
− 2
a2
(
H,t˜ +H
2
))}]
×
{
−4b′
((
H,t˜t˜t˜t˜ + 15H,t˜Ht˜t˜ + 7HH,t˜t˜t˜ + 18H
2H,t˜t˜ + 36HH
2
,t˜
+24H3H,t˜
)
+
4
a2
(
H,t˜t˜ − 2H3
))
+ 4(b+ b′)
((
H,t˜t˜t˜t˜ + 15H,t˜H,t˜t˜
+7HH,t˜t˜t˜ + 12H
2H,t˜t˜ + 24HH
2
,t˜
)
− 2
a2
(
H,t˜t˜ − 2H2
))}]
. (5.18)
Here 4d Newton constant G4 is given by (3.9) and quantum corrections from
CFT are included into the definition of energy (pressure). These quantum
corrected FRW equations are written from quantum-induced brane-world
perspective. As the correction terms include higher derivatives, these terms
become relevant when the universe changes its size very rapidly as in the very
early universe. It is also very important to note that doing the same identifi-
cation as in the previous section one easily rewrites above FRW equations in
the Cardy formula form. This is caused by the fact that quantum effects are
included into the definition of energy and pressure. In other words, formally
these equations look like classical FRW equations.
It is not so clear if the energy density ρ and the pressure p satisfy the
energy conditions because quantum effects generally may violate the energy
conditions. For the solution of (5.15), however, ρ is always positive since
(5.15) can be rewritten
ρ =
3
8πG4
(
H2 +
1
a2
)
> 0. (5.19)
We also have from (5.17)
ρ+ p =
1
4πG4
(
1
a2
−H,t˜
)
. (5.20)
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Therefore the weak energy condition should be satisfied if 1
a2
− H,t˜ > 0 in
the solution. In order to clarify the situation, we consider the specific case
of b+ b′ = 0 as in N = 4 theory and we assume that b′ is small. Then from
(5.15) and (5.17) and by differentiating (5.17) with respect t˜, one gets
H2 = − 1
a2
+
8πG4MlAdS
3V3a4
+O (b′) , H,t˜ =
1
a2
− 16πG4MlAdS
3V3a4
+O (b′) ,
H,t˜t˜ = −
2
a2
H +
64πG4MlAdS
3V3a4
H +O (b′) , etc. (5.21)
Then by using (5.16) and (5.18), we find
ρ =
MlAdS
V3a4
− b
′
2
(
8πG4MlAdS
V3a6
− 128π
2G24M
2l2AdS
3V 23 a
8
)
+O
(
b′2
)
,
p =
MlAdS
3V3a4
− b
′
2
(
8πG4MlAdS
V3a6
− 640π
2G24M
2l2AdS
9V 23 a
8
)
+O
(
b′2
)
.(5.22)
The correction part of ρ is not always positive but ρ itself should be positive,
which is clear from (5.19). One also gets
ρ+p =
4MlAdS
3V3a4
− b
′
2
(
16πG4MlAdS
V3a6
− 1024π
2G24M
2l2AdS
9V 23 a
8
)
+O
(
b′2
)
. (5.23)
Then the correction part seems to be not always positive and the weak en-
ergy condition might be broken. As the above discussion is based on the
perturbation theory, we will discuss the weak energy condition later using
the de Sitter type brane universe solution.
Let us consider the solution of quantum-corrected FRW equation (5.13).
Assume the de Sitter type solution
a = A coshBt˜ . (5.24)
Substituting (5.24) into (5.13), one finds the following equations should be
satisfied:
0 = − 1
B2
− 1
l2AdS
+
(
1
lAdS
− 8πG5b′B4
)2
(5.25)
0 = B2 − 1
A2
29
+2
(
1
lAdS
− 8πG5b′B4
)
πG5
3
(24b′ + 8b)
(
B4 − B
2
A2
)
(5.26)
0 =
16πG5M
3V3
+
(
πG5
3
)2
(24b′ + 8b)2
(
B4 − B
2
A2
)2
. (5.27)
Eq.(5.25) tells that there is no de Sitter type solution if there is no quantum
correction, or if b′ = 0. Eq.(5.27) tells that if the black hole mass M is
non-vanishing and positive, there is no any solution of the de Sitter-like
brane. When M = 0, Eqs.(5.26) and (5.27) are trivially satisfied if A2 = 1
B2
.
Actually this case corresponds to well-known anomaly-driven inflation [29]
(for recent discussion, see [30]). Eq.(5.25) has unique non-trivial solution
for B2, which corresponds to the de Sitter brane universe in [28, 27]. This
brane-world is called Brane New World.
When M < 0, there is no horizon and the curvature singularity becomes
naked. We will, however, formally consider the case since there is no de
Sitter-like brane solution in the classical case (b′ = 0) even if M is negative.
If M 6= 0 or A2 6= 1
B2
, Eq.(5.26) has the following form:
0 = 1 + 2
(
1
lAdS
− 8πG5b
′
l4AdS
B4
)
πG5
3l4AdS
(24b′ + 8b)B2 . (5.28)
Eq.(5.28) is not always compatible with Eq.(5.25) and gives a non-trivial
constraint on G5, lAdS, b and b
′. If the constraint is satisfied, B2 can be
uniquely determined by (5.25) or (5.28). Then (5.27) can be solved with
respect to A2.
Now we consider the above constraint and solution for B2. By combining
(5.25) and (5.28), one obtains
0 = B6 +
1
l2AdS
B4 − 1
η
, η ≡ 4 (24b′ + 8b)
(
πG5
3
)2
(5.29)
0 =
(
1
l2AdS
+B2
)3
−
{
1
lAdS
(
1
l2AdS
+B2
)
− ζ
}
,
ζ ≡ 6b
′
24b′ + 8b
(
3
πG5
)
. (5.30)
In most of cases, η is negative and ζ is positive. The explicit solution of
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(5.29) is given by
B2 = − 1
3l2AdS
+
(
1
27l6AdS
− 1
2η
+
√
1
4η2
− 1
27l6AdSη
) 1
3
+
(
1
27l6AdS
− 1
2η
−
√
1
4η2
− 1
27l6AdSη
) 1
3
. (5.31)
On the other hand, if ζ
4
4
− ζ3
27l4
AdS
> 0, the solution of (5.30) is given by
B2 = − 2
3l2AdS
+
− 1
27l6AdS
+
ζ
3l3AdS
− ζ
2
2
+
√√√√ζ4
4
− ζ
3
27l4AdS

1
3
+
− 1
27l6AdS
+
ζ
3l3AdS
− ζ
2
2
−
√√√√ζ4
4
− ζ
3
27l4AdS

1
3
. (5.32)
or if ζ
4
4
− ζ3
27l4
AdS
< 0, the solutions are
B2 +
2
3l2AdS
= ξ + ξ∗ , ξω + ξ∗ω2 , ξω2 + ξ∗ω . (5.33)
Here
ξ =
− 1
27l6AdS
+
ζ
3l3AdS
− ζ
2
2
+ i
√√√√ ζ3
27l4AdS
− ζ
4
4

1
3
, ω = e
2ipi
3 . (5.34)
Then if the solution (5.31) coincides with any of the solutions (5.32) or (5.33),
there occurs quantum-induced de Sitter-like brane realized in d5 AdS BH. In
a sense, we got the extension of scenario of refs.[28, 27] for quantum-induced
brane-worlds within AdS/CFT set-up when bulk is given by d5 AdS BH.
For the de Sitter type solution (5.24), Eq.(5.20) has the following form:
ρ+ p =
1
4πG4
(
1
A2
− B2
)
1
cosh2Bt˜
. (5.35)
Then the weak energy condition can be satisfied if
1
A2
≥ B2 . (5.36)
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For the exact de Sitter solution corresponding to M = 0, we have 1
A2
= B2
and Eq.(5.36) is satisfied. For more general solution in (5.31) or (5.33), B
and A non-trivially depend on the parameters G5, M , b and b
′ and it is not
so clear if Eq.(5.36) is always satisfied.
The more detailed analysis shows that quantum corrections induce de
Sitter brane not only in the case of zero black hole mass but also in the case
of negative black hole mass. Of course, the specific details of such brane-
world inflation depend on the fields content on the brane. As a final remark
one can note that above picture may be considered also in the case when bulk
space is de Sitter black hole (see first work in ref.[25]). The presentation of
brane equations in Cardy form is again possible.
6 Brane matter induced by 5-dimensional
Einstein-Gauss-Bonnet gravity
In the present section we study more complicated theory, i.e. Einstein-GB
gravity. As the bulk space, Anti-de Sitter black hole is considered. The
question is: how looks the brane matter (which may be considered as dark
matter) induced in such brane-world theory? As it is shown explicitly such
brane matter is quite complicated which is caused by higher derivatives terms.
The action of the (d + 1)-dimensional Einstein–GB bulk action is given
by7
S =
∫
dd+1x
√−g
{
1
κ2g
R− Λbulk + c
(
R2 − 4RµνRµν +RµνξσRµνξσ
)}
, (6.1)
where c is an arbitrary coupling constant, κ2g = 16πG5 parametrizes the (d+
1)-dimensional Planck mass, the Riemann tensor, Rµνξσ, and its contractions
are constructed from the metric, gµν , and its derivatives, g ≡ detgµν and Λbulk
represents the bulk cosmological constant.
By extremising the variations of the action (6.1) with respect to the metric
7In this section, upper case Latin indices run from (A,B) = (1, 2, 3) over the spatial
sections of the world–volume of the brane and y is the coordinate associated with the
5-dimension.
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tensor we obtain the field equations
0 =
1
2
gµν
{
c
(
R2 − 4RρσRρσ +RρλξσRρλξσ
)
+
1
κ2g
R − Λbulk
}
(6.2)
+c
(
−2RRµν + 4RµρRνρ + 4RµρνσRρσ − 2RµρστRνρστ
)
− 1
κ2g
Rµν .
One considers the case where the bulk spacetime corresponds to a static,
hyper–spherically symmetric geometry with a line element given by
ds2 = −e2ν(r)dt2 + e2λ(r)dr2 + r2
d−1∑
A,B=1
g˜ABdx
AdxB , (6.3)
where {ν(r), λ(r)} are functions of the radial coordinate, r, and the metric g˜ij
is the metric of the (d−1)-dimensional Einstein manifold with a Ricci tensor
defined by R˜ij = kgij. The constant k has values k = {d − 2, 0,−(d − 2)}
for a (d − 1)-dimensional unit sphere, a flat Euclidean space and a (d − 1)-
dimensional unit hyperboloid, respectively.
Restricting to the 5-dimensional case (d = 4), Eq. (6.2) admits the black
hole solution [21, 9]:
e2ν = e−2λ
=
1
2c
{
ck +
r2
2κ2g
±
√√√√ r4
4κ4g
(
4cκ2g
l2
− 1
)2
− 2cµ
κ2g
(
4cκ2g
l2
− 1
) , (6.4)
where the constant µ is related to the gravitational mass of the black hole
and
1
l2
≡ 1
4cκ2g
1±
√
1 +
2cΛbulkκ4g
3
 . (6.5)
The constant, l2, is determined by the Gauss–Bonnet coupling parameter,
c, and the bulk cosmological constant, Λbulk. It corresponds to the length
parameter of the asymptotically AdS space when r is large. If cΛbulk > 0,
l2 can be formally negative and the spacetime then becomes asymptotically
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de Sitter. In principle, the above solution (6.4) for positive l2 generalizes the
well-known Schwarzschild-AdS black hole solution to Einstein–GB gravity.
We now proceed to consider the motion of a domain wall (three-brane)
along a timelike geodesic of the 5-dimensional, static background defined by
Eqs.(6.3) and (6.4). The equation of motion of the brane is interpreted by an
observer confined to the brane as an effective Friedmann equation describing
the expansion or contraction of the universe. From this Friedmann equation,
we can deduce the energy and entropy of the matter in the brane universe.
Specifically, we consider a brane action of the form:
Sbr = −η
∫
d4x
√−h, (6.6)
where η is a positive constant representing the tension associated with the
brane and h is the determinant of the boundary metric, hij , induced by the
bulk metric, gµν .
We employ the method developed in Ref.[19] to derive the Friedmann
equation. (Note that it is more complicated than Einstein gravity case con-
sidered in section 3.) The metric (6.3) is rewritten by introducing new co-
ordinates (y, τ) and a scalar function A = A(y, τ) that satisfies the set of
constraint equations:
l2e2A+2λA2,y − e−2λt2,y = 1 ,
l2e2A+2λA,yA,τ − e−2λt,yt,τ = 0 ,
l2e2A+2λA2,τ − e−2λt2,τ = −l2e2A , (6.7)
where a comma denotes partial differentiation. When λ = −ν, as in Eq.
(6.4), the metric (6.3) may then be written in the form
ds2 = dy2 + e2A(y,τ)
4∑
i,j=1
g˜ijdx
idxj , (6.8)
where r = l exp(A). Since we are interested in the cosmological implications,
we assume that the metric, g˜ij, respects the same symmetries as the metric
of the Friedmann–Robertson–Walker (FRW) models, i.e., we assume that
g˜ijdx
idxj ≡ l2
(
−dτ 2 + dΩ2k,3
)
, (6.9)
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where dΩ2k,3 is the metric of unit three–sphere for k > 0, 3-dimensional
Euclidean space for k = 0 and the unit three–hyperboloid for k < 0. Thus,
choosing a timelike coordinate, t˜, such that dt˜ ≡ leAdτ , implies that the
induced metric on the brane takes the FRW form:
ds2brane = −dt˜2 + l2e2AdΩ2k,3. (6.10)
It follows by solving Eqs. (6.7) that
H2 = A2,y −
e−2λe−2A
l2
, (6.11)
where the Hubble parameter on the brane is defined by H ≡ dA/dt˜. Thus,
for a vacuum brane that has no matter confined to it, the cosmic expansion
(contraction) is determined once the functional forms of {A, λ} have been
determined. Hereafter we use the scale factor of the metric on the brane
as a ≡ eA(t˜), then the Hubble parameter is rewritten in the standard form
H = 1
a
da
dt˜
.
Then the Friedmann equation describing the motion of the 3-dimensional
brane in the AdS BH bulk space-time is given by the following equation (see
work by Lidsey et al from ref.[10]) where the function f(a) is introduced for
later convenience:
H2 =
G2
H2 −
X(a)
a2
≡ f(a) , (6.12)
where
G = 4η ± 12X
1/2
Y 3/2
{
16ǫ2µ˜2(4ǫ− 1)2a−3
}
η ≡ 6
κ2gl
(12ǫ− 1) . (6.13)
and
H = −48
κ2g
∓ 24
Y 3/2
5 (2ǫµ˜ (4ǫ− 1))2 a−2 + 6((4ǫ− 1)2
4κ4g
)2
a6
−9 (4ǫ− 1)
3 ǫµ˜
2κ4g
a2
)
, (6.14)
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X ≡ k
2
+
a2
4ǫl2
± Y
1/2κ2g
2ǫl2
, Y ≡ −2ǫµ˜(4ǫ− 1) + (4ǫ− 1)
2
4κ4g
a4. (6.15)
Here we have defined the rescaled parameters:
ǫ ≡ cκ
2
g
l2
, µ˜ ≡ l
2µ
κ4g
. (6.16)
The standard FRW equations for 4-dimensions can be written as8
H2 =
8πG
3
ρ− k
2a2
,
H˙ = −4πG (ρ+ p) + k
2a2
, (6.17)
here, ˙ is the derivative with respect to cosmological time t˜. Then ρ and p are
ρ =
3
8πG
(
f(a) +
k
2a2
)
(6.18)
p = − 1
8πG
(
k
2a2
+ af ′(a) + 3f(a)
)
, (6.19)
where ′ denotes the derivative with respect to a. Similarly, FRW equations
from the bulk dS BH may be constructed (see work by Lidsey et al in ref.[10].
In [4], it was shown that the standard FRW equation in d dimensions
can be regarded as a d-dimensional analogue of the Cardy formula for a
2-dimensional CFT [5]:
S˜ = 2π
√√√√ c
6
(
L0 − k
d− 2
c
24
)
, (6.20)
where c is the analogue of the 2-dimensional central charge and L0 is the
analogue of the 2-dimensional Hamiltonian. In the present case (d = 4), we
make the following identifications ( similarly to the case of Einstein-Maxwell
gravity in section 4):
2πρV a
3
→ 2πL0 ,
8 In our conventions, k takes −2, 0, 2.
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2V
16πGa
→ c
24
,
8πHV
16πG
→ S˜ ,
V = a3V3 , (6.21)
where V3 is the volume of the 3-dimensional sphere with unit radius. Then
one finds the first FRW-like equation (6.17) has the same form as Eq. (6.20).
In order to get explicit form of p , one calculates f ′(a) as
f ′(a) =
2G2
H2
(G ′
G −
H′
H
)
− X
′
a2
+
2X
a3
. (6.22)
From Eqs.(6.15), we get
X ′ =
a
2ǫl2
± Y
−1/2κ2g
4ǫl2
(4ǫ− 1)2
κ4g
a3 , Y ′ =
(4ǫ− 1)2
κ4g
a3. (6.23)
Then, the last two terms of Eq.(6.22) are written as
− X
′
a2
+
2X
a3
= ∓ κ
2
g
4ǫl2
(4ǫ− 1)2
κ4g
aY −1/2 +
k
a3
± κ
2
g
a3ǫl2
Y 1/2 . (6.24)
To calculate the first two terms of Eq.(6.22), the derivatives of G and H are
needed
G ′ = ±12X
1/2
Y 3/2
{
16ǫ2µ˜2(4ǫ− 1)2a−3
}(1
2
X ′
X
− 3
2
Y ′
Y
− 3
a
)
H′ = ∓ 24
Y 3/2
−32 Y
′
Y
5 (2ǫµ˜ (4ǫ− 1))2 a−2 + 6((4ǫ− 1)2
4κ4g
)2
a6
−9 (4ǫ− 1)
3 ǫµ˜
2κ4g
a2
)
+
(
−10 (2ǫµ˜ (4ǫ− 1))2 a−3
+36
(
(4ǫ− 1)2
4κ4g
)2
a5 −18 (4ǫ− 1)
3 ǫµ˜
2κ4g
a
)}
(6.25)
Substituting above equations into Eq.(6.22), one obtains
f ′(a) =
2G2
H2 ×
(
± 1G
12X1/2
Y 3/2
{
16ǫ2µ˜2(4ǫ− 1)2a−3
}(1
2
X ′
X
− 3
2
Y ′
Y
− 3
a
)
37
± 1H
24
Y 3/2
−32 Y
′
Y
5 (2ǫµ˜ (4ǫ− 1))2 a−2 + 6((4ǫ− 1)2
4κ4g
)2
a6
−9 (4ǫ− 1)
3 ǫµ˜
2κ4g
a2
)
+
(
−10 (2ǫµ˜ (4ǫ− 1))2 a−3
+36
(
(4ǫ− 1)2
4κ4g
)2
a5 −18 (4ǫ− 1)
3 ǫµ˜
2κ4g
a
)})
∓ κ
2
g
4ǫl2
(4ǫ− 1)2
κ4g
aY −1/2 +
k
a3
± κ
2
g
ǫl2a3
Y 1/2 . (6.26)
This equation has very complicated form, so we consider mainly the limit
a→∞ or a→ 0.
One first considers the ρ and p until the order of a−4, in the limit of
a→∞. Then
X =
k
2
+
a2
4ǫl2
± κ
2
g
2ǫl2
Y 1/2,
=
k
2
+
a2
4ǫl2
± 4ǫ− 1
4ǫl2
a2
(
1− ǫµ˜ 4κ
4
g
(4ǫ− 1)a4
)
,
Y =
(4ǫ− 1)2
4κ4g
a4
(
1− ǫµ˜ 8κ
4
g
(4ǫ− 1)a4
)
G → 4η,
H → −48
κ2g
∓ 24 8κ
6
g
(4ǫ− 1)3a
−6
(
1− ǫµ˜ 8κ
4
g
(4ǫ− 1)a4
)−3/2
×
6((4ǫ− 1)2
4κ4g
)2
a6 − 9(4ǫ− 1)
3ǫµ˜
2κ4g
a2
 ,
∼ −48
κ2g
∓ 24 8κ
6
g
(4ǫ− 1)3
(
1 + ǫµ˜
12κ4ga
−4
(4ǫ− 1)
)
×
6((4ǫ− 1)2
4κ4g
)2
− 9(4ǫ− 1)
3ǫµ˜
2κ4g
a−4

= −24
κ2g
(2± 3(4ǫ− 1)) . (6.27)
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Thus,
f(a) =
1
l2
(12ǫ− 1)2 (2± 3(4ǫ− 1))−2
− k
2a2
− 1
4ǫl2
∓ 4ǫ− 1
4ǫl2
(
1− ǫµ˜ 4κ
4
g
(4ǫ− 1)a4
)
(6.28)
ρ =
3
8πG
(
1
l2
(12ǫ− 1)2 (2± 3(4ǫ− 1))−2
− 1
4ǫl2
∓ 4ǫ− 1
4ǫl2
(
1− ǫµ˜ 4κ
4
g
(4ǫ− 1)a4
))
(6.29)
p = − 1
8πG
(
3
l2
(12ǫ− 1)2 (2± 3(4ǫ− 1))−2
− 3
4ǫl2
∓ 3(4ǫ− 1)
4ǫl2
∓ 1
l2
µ˜κ4ga
−4
)
. (6.30)
If we choose the upper sign, that is, + of ± and − of ∓ in Eqs.(6.28), (6.29),
(6.30), then
f(a) = − k
2a2
+
µ˜κ4g
l2a4
, (6.31)
ρ =
3
8πG
µ˜κ4g
l2a4
, (6.32)
p =
1
8πG
µ˜κ4g
l2a4
, (6.33)
This shows that energy-momentum tensor is traceless, T µµ = ρ − 3p = 0.
This means the theory on the brane is CFT.
However, if we take the lower sign, that is − of± and + of∓ in Eqs.(6.28),
(6.29), (6.30), there is a constant term and a−4 term which comes from
conformal matter. Since the original Friedmann equation which includes
cosmological constant Λ has the following form:
H2 =
8πG
3
ρm − k
2a2
+
Λ
3
,
H˙ = −4πG (ρ+ p) + k
2a2
, (6.34)
39
one can divide ρ and p into the sum of the contributions from matter fields
ρm and pm and those from the cosmological constant:
ρ = ρm + ρ0 , p = pm − ρ0 , ρ0 = Λ
8πG
. (6.35)
Then the constant term in (6.29) corresponds to the effective cosmological
constant on the brane:
ρ0 =
Λ
8πG
=
3
8πG
{
1
l2
(12ǫ− 1)2 (5− 12ǫ)−2 − 1− 2ǫ
2ǫl2
}
(6.36)
The matter parts ρm and pm in ρ and p are given by
ρm = − 3
8πG
µ˜κ4g
l2a4
, (6.37)
pm = − 1
8πG
µ˜κ4g
l2a4
, (6.38)
and the matter energy-momentum tensor Tmµν is traceless, T
mµ
µ = ρm−3pm =
0. Thus, having the effective cosmological term in FRW equations, the brane
matter is again the conformal one.
Next, one takes a→ 0 limit in case −2ǫµ˜(4ǫ− 1) > 0. Then
X → k
2
± κ
2
g
2ǫl2
√
−2ǫµ˜(4ǫ− 1), Y → −2ǫµ˜(4ǫ− 1)
G → ±48(−2ǫµ˜(4ǫ− 1))1/2
{
k
2
± κ
2
g
2ǫl2
(−2ǫµ˜(4ǫ− 1))1/2
}1/2
a−3,
H → ∓120(−2ǫµ˜(4ǫ− 1))1/2a−2 . (6.39)
These equations give ρ and p as
ρ =
3
8πG
{
2k
25
∓ 21
25
κ2g
2ǫl2
(−2ǫµ˜(4ǫ− 1))1/2
}
a−2
p = − 1
8πG
{
2k
25
∓ 21
25
κ2g
2ǫl2
(−2ǫµ˜(4ǫ− 1))1/2
}
a−2 . (6.40)
The energy-momentum tensor is not traceless. The case that ρ and p is pro-
portional to a−2 is known as curvature dominant case. The original Fried-
mann equation (6.34) can be rewritten in the following form:
H2 =
8πG
3
(
ρm − 3
8πG
k
2a2
)
+
Λ
3
,
40
=
8πG
3
ρ˜− k˜
2a2
+
Λ
3
(6.41)
Here ρ˜ and k˜ are effective energy density and effective k respectively defined
by 9
ρ˜ = ρm − 3
8πG
k
2a2
, k˜ = 0. (6.42)
Such effective energy density is proportional to a−2 when k is dominant, that
is a → ∞, because the density ρm must decrease with increasing a at least
as fast as a−3. It is interesting that the original behavior of ρ˜ is proportional
to a−2 in the limit a → ∞, while our ρ (6.40) behaves like a−2 in the limit
of a→ 0.
Note that if −2ǫµ˜(4ǫ − 1) is less than zero, X,H, G become imaginary
when a = 0. Then we consider Y = 0 case instead of a → 0 limit. When
Y = 0, a and X are
a =
(
8ǫµ˜
(4ǫ− 1)
) 1
4
κg ,
X =
k
2
+
a2
4ǫl2
=
k
2
+
1
4ǫl2
(
2ǫµ˜
(4ǫ− 1)
) 1
2
(2κ2g) (6.43)
G2
H2 is
G2
H2 =
4
81
k2
(
2ǫµ˜
(4ǫ− 1)
)−1
2
(2κ2g)
−1 +
1
4ǫl2
 , (6.44)
which leads to
ρ =
3
8πG
2k81
(
2ǫµ˜
(4ǫ− 1)
)−1
2
(2κ2g)
−1 − 77
81
1
4ǫl2

p = − 1
8πG
2k81
(
2ǫµ˜
(4ǫ− 1)
)−1
2
(2κ2g)
−1 − 77
81
3
4ǫl2
 . (6.45)
9When curvature k becomes large, k can be divided as k = k + k˜. The k˜ takes the
original value, namely 0, ±2.
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One can divide ρ and p in (6.45) into the sum of the contributions from
matter fields and the cosmological constant as in (6.35). Then one arrives at
ρ0 = − 3
8πG
77
81
1
4ǫl2
,
ρm =
3
8πG
2k
81
(
2ǫµ˜
(4ǫ− 1)
)− 1
2
(2κ2g)
−1
pm = − 1
8πG
2k
81
(
2ǫµ˜
(4ǫ− 1)
)− 1
2
(2κ2g)
−1 . (6.46)
As a special case, we consider ǫ = 1/4 case where G, H become
G = 48
κ2gl
, H = −48
κ2g
. (6.47)
f(a), f ′(a) take simple forms
f(a) = − k
2a2
, f ′(a) =
k
a3
. (6.48)
Note that k should be negative , i.e. k = −2 since f(a) = H2 is always
positive . Thus ρ and p are
p = 0, ρ = 0. (6.49)
Therefore the energy-momentum tensor is zero. Next, we consider ǫ = 1/4−
δ2 case. Here δ2 > 0 and |δ| ≪ 1. In this case, X , Y are
X =
k
2
+
a2
l2
± 2
√
2µ˜κ2gδ
l2
+O(δ2), Y ∼ 2µ˜δ2 +O(δ4) (6.50)
Using Eqs.(6.50), one obtains G, H as
G = 48
κ2gl
± 48
(
k
2
+
a2
l2
)1/2
(2µ˜)1/2a−3δ ,
H = −48
κ2g
∓ 120(2µ˜)1/2a−2δ . (6.51)
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until the order of δ. Then f(a) is
f(a) = − k
2a2
± 1
l2
2κ
2
gl
a3
(
k
2
+
a2
l2
)1/2
− 7κ
2
g
a2
 (2µ˜)1/2δ . (6.52)
This leads to the following ρ
ρ = ± 3
8πG
κ2g
l2
 2la3
(
k
2
+
a2
l2
)1/2
− 7
a2
 (2µ˜)1/2δ . (6.53)
f ′(a) is
f ′(a) =
k
a3
± κ
2
g
l2
{
−6l
a4
(
k
2
+
a2
l2
)1/2
+
2
a2l
(
k
2
+
a2
l2
)−1/2
+
14
a3
}
(2µ˜)1/2δ,
which leads to the following p
p = ∓ 1
8πG
κ2g
l2
{
2
al
(
k
2
+
a2
l2
)−1/2
− 7
a2
}
(2µ˜)1/2δ . (6.54)
In the limit of a → 0, ρ which is much larger than p is proportional to a−3.
This means there is “dust”on the brane. We should note that when k = −2,
there is a minimum of a at a = l since f(a) becomes complex values if a < l.
In the limit of a→∞ for k = 2 or k = 0, ρ and p are proportional to a−2 like
in Eq.(6.40), which agrees with the behavior of the original effective energy
density ρ˜ as it was mentioned.
The trace of the energy-momentum tensor is
T µµ = −ρ+ 3p (6.55)
= ∓ 3
8πG
κ2g
l2
 2la3
(
k
2
+
a2
l2
)1/2
− 7
a2
 (2µ˜)1/2δ
∓ 3
8πG
κ2g
l2
{
2
al
(
k
2
+
a2
l2
)−1/2
− 7
a2
}
(2µ˜)1/2δ
= ∓ 3
8πG
κ2g
l2
 2la3
(
k
2
+
a2
l2
)1/2
+
2
al
(
k
2
+
a2
l2
)−1/2
− 14
a2
 (2µ˜)1/2δ ,
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which is not zero. In the limit a → ∞, the energy-momentum tensor is
traceless. This indicates that dual CFT description is valid only in such a
limit.
Another special case is ǫ = 1/12, which gives η = 0. Then
X =
k
2
+
3a2
l2
± 2a
2
l2
(
µ˜κ4g
a4
+ 1
)1/2
, Y =
a4
9κ4g
(
µ˜κ4g
a4
+ 1
)
. (6.56)
G = ±16µ˜2a−9κ6g
(
µ˜κ4g
a4
+ 1
)−3/2k
2
+
3a2
l2
± 2a
2
l2
(
µ˜κ4g
a4
+ 1
)1/21/2
H = −48
κ2g
∓ a−6κ6g
(
µ˜κ4g
a4
+ 1
)−3/2 (
40µ˜a−2 + 48
a6
κ6g
+ 72
µ˜
κ4g
a2
)
. (6.57)
Above equations lead to the following f(a)
f(a) = 256µ˜4a−18κ12g
(
µ˜κ4g
a4
+ 1
)−3k
2
+
3a2
l2
± 2a
2
l2
(
µ˜κ4g
a4
+ 1
)1/2
×
−48κ2g ∓ a−6κ6g
(
µ˜κ4g
a4
+ 1
)−3/2 (
40µ˜a−2 + 48
a6
κ6g
+ 72
µ˜
κ4g
a2
)
−2
− k
2a2
− 3
l2
∓ 2
l2
(
µ˜
κ4g
a4
+ 1
)1/2
. (6.58)
The structure of ρ, p is very complicated, so we consider them in the limit
a→∞ or a→ 0. Taking a→∞, one gets
f(a) → − k
2a2
− 3
l2
∓ 2
l2
(
µ˜
κ4g
a4
+ 1
)1/2
,
ρ → 3
8πG
(
− 3
l2
∓ 2
l2
∓ µ˜ κ
4
g
l2a4
)
(6.59)
p → − 1
8πG
(
− 9
l2
∓ 6
l2
± µ˜ κ
4
g
l2a4
)
. (6.60)
Similarly to Eqs.(6.29) and (6.30), there are constant and a−4 terms which
correspond to effective cosmological constant on the brane and the effect of
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conformal matter, respectively. Then ρ and p in (6.59), (6.60) can be divided
into the sum of the contributions from matter and from the cosmological
constant as in (6.35) again. Then they look as
ρ0 =
1
8πG
(
− 9
l2
∓ 6
l2
)
,
ρm = ∓ 1
8πG
µ˜
l2
3κ4g
a4
,
pm = ∓ 1
8πG
µ˜
l2
κ4g
a4
. (6.61)
and the matter energy-momentum tensor Tmµν is traceless, T
mµ
µ = ρm−3pm =
0. On the other hand, when a is small, we find
ρ→ ∓ 6
8πG
21
25
√
µ˜
l2
κ2g
a2
, p→ ± 2
8πG
21
25
√
µ˜
l2
κ2g
a2
. (6.62)
This corresponds to the curvature dominant case as in (6.40).
It is quite interesting now to check the Weak Energy Condition (WEC)
and the Dominant Energy Condition (DEC) for above 4-dimensional cases.
The WEC is defined as the condition where
ρm + pm ≥ 0, ρm ≥ 0 , (6.63)
and the DEC is given by
ρm + pm ≥ 0, ρm + 3pm ≥ 0 , (6.64)
In the general case it follows from Eqs.(6.18),(6.19):
WEC ρ+ p = ρm + pm ≥ 0 ⇔ k ≥ a3f ′(a),
ρm ≥ 0 ⇔ k
2a2
≥ −f(a)− ρ0, (6.65)
DEC ρ+ p = ρm + pm ≥ 0 ⇔ k ≥ a3f ′(a),
ρm + 3pm ≥ 0 ⇔ −2f(a) ≥ af ′(a) + 2ρ0. (6.66)
Note that f(a) is always positive , f(a) ≥ 0. We will check some limits of a
and specific ǫ cases mentioned above.
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1. In the limit a→∞, including the order of a−4, one finds
ρm + pm = ± 4
8πG
µ˜κ4g
l2a4
, ρm = ± 3
8πG
µ˜κ4g
l2a4
ρm + 3pm = ± 6
8πG
µ˜κ4g
l2a4
. (6.67)
Then for the upper signs both of the DEC and WEC are satisfied but
for the lower signs, both of the conditions are not satisfied.
2. The limit a→ 0: If 2k
25
∓ 21
25
κ2g
2ǫl2
(−2ǫµ˜(4ǫ− 1))1/2 ≥ 0,
ρ+ p =
2
8πG
{
2k
25
∓ 21
25
κ2g
2ǫl2
(−2ǫµ˜(4ǫ− 1))1/2
}
a−2 ≥ 0
ρ =
3
8πG
{
2k
25
∓ 21
25
κ2g
2ǫl2
(−2ǫµ˜(4ǫ− 1))1/2
}
a−2 ≥ 0
ρ+ 3p = 0 . (6.68)
Then both of the DEC and WEC are satisfied. If 2k
25
∓ 21
25
κ2g
2ǫl2
(−2ǫµ˜(4ǫ−
1))1/2 ≤ 0, both WEC and DEC do not hold.
3. Y = 0 case. If k ≥ 0,
ρm + pm =
2
8πG
2k81
(
2ǫµ˜
(4ǫ− 1)
)−1
2
(2κ2g)
−1
 ≥ 0, (6.69)
ρm =
3
8πG
2k
81
(
2ǫµ˜
(4ǫ− 1)
)−1
2
(2κ2g)
−1 ≥ 0
ρm + 3pm = 0 . (6.70)
Then both of the DEC and WEC are satisfied. If k ≤ 0 both WEC
and DEC do not hold.
4. When ǫ = 1/4, we find
ρ+ p = 0 , ρ = 0 , ρ+ 3p = 0 . (6.71)
Then both of the DEC and WEC are trivially satisfied.
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5. When ǫ = 1/4− δ2
ρ+ p = ± 1
8πG
κ2g
l2
 6la3
(
k
2
+
a2
l2
)1/2
− 2
al
(
k
2
+
a2
l2
)−1/2
− 14
a2
 (2µ˜)1/2δ
ρ+ 3p = ± 1
8πG
κ2g
l2
 6la3
(
k
2
+
a2
l2
)1/2
− 6
al
(
k
2
+
a2
l2
)−1/2 (2µ˜)1/2δ (6.72)
If the upper signs are chosen, that is, + of ± in above equations and in
the limit of a→∞ for k = 2, 0 or in the case of a = l + 0 for k = −2,
then
ρ+ p ≤ 0 , ρ+ 3p ≤ 0 . (6.73)
Then both of the DEC and WEC are not satisfied. In the limit of
a→ 0,
ρ+ p ≥ 0, ρ ≥ 0 ρ+ 3p ≥ 0 . (6.74)
Then both of the DEC and WEC are satisfied. On the other hand if
we choose the lower sings, that is, − of ± in Eqs.(6.72), in the limit of
a → ∞ for k = 2, 0 or in the case of a = l + 0 for k = −2, both of
WEC and DEC hold, while in the limit of a → 0, both of WEC and
DEC do not hold.
6. When ǫ = 1/12 and a is large
ρm + pm = ∓ 1
8πGl2
4µ˜κ4g
a4
(6.75)
ρm + 3pm = ∓ 1
8πGl2
6µ˜κ4g
a4
(6.76)
If we choose + of ∓ in above equations, both of the DEC and WEC
are satisfied. If we choose − of ∓ in Eq.(6.75), however, both of the
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DEC and WEC are not satisfied. On the other hand when a is small
one gets
ρm + pm = ∓ 4
8πGl2
21
25
√
µ˜κ2g
a2
(6.77)
ρm + 3pm = 0 . (6.78)
Then for + of ∓ in above equations both of the DEC and WEC are
satisfied again but for − both of the DEC and the WEC are not satis-
fied.
In the above analysis one finds that the matter on the brane shows the
singular behavior when ǫ = 1
4
or ǫ = 1
12
. In [9] it has been shown that the
black hole entropy is given by
S = V3
κ2g
(
1− 12ǫ
1− 4ǫ
)(
4πr3H + 24ǫkπrH
)
+ S0 . (6.79)
Here rH is the horizon radius and V3 is the volume of the Einstein manifold
with unit radius. S0 is a constant of the integration and if we assume S = 0
when rH = 0, we have S0 = 0. Then the entropy vanishes when ǫ = 112
and diverges when ǫ = 1
4
. Note that above entropy should be identified with
cosmological entropy of dual QFT (second way appearance of CV formula).
If we take ǫ between 1/12 and 1/4, that is, 1/12 < ǫ < 1/4 then the
entropy (6.79) takes negative value. (The appearance of negative entropy
black holes in HD gravity has been discussed in [9]. As it was shown in last
work of ref.[10] black hole with negative entropy is very instable and quickly
decays.) Let us check what happens in the region around 1/4 and 1/12.
How looks the behavior around ǫ = 1/4. For this purpose, we extend ǫ
to the complex value. Since Eqs.(6.13), (6.14) and (6.15) contain the half-
integer power of Y , the expressions have branch points in the complex ǫ-plane
when Y = 0, that is, at
ǫ = ǫ1 ≡ 1
4
, ǫ = ǫ2 ≡ 1
4
(
1− 2µ˜κ
2
g
a4
)
. (6.80)
and there is a cut connecting two branch points as in Fig.1. In the limit
a → ∞, the two branch points coincide with each other, ǫ2 → ǫ1. Then if
we consider the limit a→∞ first, the cut does not appear as in (6.29) and
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✲ ǫ
✲
✲
A
✲ ✲
B
✉ ✉
ǫ = ǫ1 ǫ = ǫ2
Figure 1: Cut and branch points on the complex ǫ-plane.
(6.30) or (6.37) and (6.38). When ǫ is real, Eqs.(6.53) and (6.54) tell that ρ
and p becomes complex on the cut, that is, when ǫ1 < ǫ < ǫ2 since δ should
be pure imaginary. If we choose the path A in Fig.1 which path the cut the
sign of ρ and p is changed, that is, the value ρ and p in (6.29) and (6.30) are
changed into those in (6.37) and (6.38) when a is large. On the other hand,
if we choose the path B in Fig.1 the sign is not changed.
We now consider the behavior near ǫ = 1/12. Eq.(6.61) shows that the
signs of ρ and p at ǫ = 1/12 are not changed since ρ and p have finite values
there. By comparing the contribution ρ0 which comes from the effective
cosmological constant in the effective gravity on the brane with (6.29) where
ρ0 = 0, we find that there is a jump in the value of ρ0 at ǫ = 1/12 (there is no
jump for (6.36) which corresponds to the lower − sign in (6.29)). The jump
might make a potential barrier at ǫ = 1/12 since ρ corresponds the energy
density on the brane.
In the similar way one can discuss the other values of Gauss-Bonnet
coupling constant and to find the brane matter energy and pressure for such
values. As it follows from the discussion in this section this is straitforward
while technically a little bit complicated. In the next section we apply the
found matter energy and pressure in the consideration of the FRW brane
cosmology.
7 FRWBrane Cosmology from Einstein-Gauss
-Bonnet gravity
In this section we discuss FRW brane equations for various examples of mat-
ter induced by Einstein-GB gravity (see previous section) by using effective
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V (a)
a✲
✻
−k
2
= 1
−k
2
= 0
−k
2
= −1
a = amax
Figure 2: The standard effective potential for the evolution of FRW universe.
For k = 2, the brane starts at a = 0 and reaches its maximum at a = amax
and then it re-collapses.
potential technique. It is assumed that the bulk spacetime is asymptotically
anti-de Sitter. First, we review FRW brane cosmology in 5-dimensional Ein-
stein gravity, namely ǫ = 0 (no higher derivative term). If one uses effective
potential technique for FRW brane equation (see section 3):
H2 = − k
2a2
+
8πG
3
ρ , (7.1)
one has to rewrite this as(
da
dt˜
)2
= −k
2
− V (a) . (7.2)
Here V (a) is the effective potential: V (a) = −8πGa2
3
ρ which is proportional
to −1/a2. V (a) is plotted in Fig.2. Then the universe can only exist in
regions where the line V (a) = −k/2 exceeds V (a), so that H2 > 0. For the
case of k = 2 the spherical (inflationary) brane starts at a = 0 and reaches
its maximal size at amax and then it re-collapses. For k = 0 or k = −2, the
brane starts at a = 0 and expands to infinity.
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Similarly, we consider the cosmology for the higher derivative case. From
the analysis of the previous section, one can easily obtain the effective po-
tential V (a) by using energy density ρ. We consider several limits of a and
particular values of ǫ which were discussed in previous section.
1. First, we consider large a limit. From Eqs.(6.31), (6.36), (6.37), there
appear two types of effective potential:
V (a) = −8πGa
2
3
ρ
a→∞−→ − µ˜κ
4
g
l2a2
. (7.3)
and
V (a) =
µ˜κ4g
l2a2
− Λ
3
a2
a→∞−→ −Λ
3
a2 , (7.4)
Here
Λ = 3
{
1
l2
(12ǫ− 1)2 (5− 12ǫ)−2 − 1− 2ǫ
2ǫl2
}
. (7.5)
The former case is obtained by taking the upper sign in Eq.(6.29) and
the latter is obtained by taking the the lower sign. The former case
is similar to the original FRW cosmology in Einstein gravity as we
mentioned. From the point of view of the brane:
• k = 2, the brane which is sphere reaches its maximum size at amax
and then it re-collapses. Note that this case is the reverse version
of “bounce” (see work by Medved in ref.[24]). It can be called the
bounce universe when the brane starts at a = ∞ and reaches its
minimum size at a = amin and then it re-expands.
• k = 0 or k = −2, the brane which is flat or hyperbolic expands to
infinity.
In the latter case of Eq.(7.4) there are three kinds of potential which
are shown in Figure 3 for Λ 6= 0 cases. For the case of Λ > 0:
• k = 2, the spherical brane starts at a = ∞ and reaches its mini-
mum size at a = amin and then it re-expands. It can be called the
bounce universe as we mentioned above.
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V (a)
a✲
✻
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−k
2
= 1
−k
2
= 0
−k
2
= −1 a = amax
V (a)
a✲
✻
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1
0
−1
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Figure 3: The effective potential for the evolution of FRW universe corre-
sponding to Eq.(7.4) with Λ 6= 0.
• k = 0 or −2, the flat or hyperbolic brane expands to infinity.
When Λ < 0 one can take k = −2 because the universe can only exist
in the regions where the line −k/2 exceeds V (a). Since FRW equation
becomes inconsistent when k = 0 or 2 in the limit a→∞.
• k = −2, the hyperbolic brane reaches its maximum size at a =
amax and then it re-collapses.
When Λ = 0, the effective potential is given in Figure 4, and one can
take only k = −2.
• For k = −2 case the brane starts at a = ∞ and reaches its mini-
mum size at a = amin and then it re-expands.
2. Next case corresponds to a → 0 limit for −2ǫµ˜(4ǫ − 1) > 0. From
Eq.(6.40) the effective potential is
V (a)
a→0−→ −
{
2k
25
∓ 21
25
κ2g
2ǫl2
(−2ǫµ˜(4ǫ− 1))1/2
}
(7.6)
In this case the brane exists at a = 0. Namely, the brane universe may
have a cosmological singularity under the condition−k/2 ≥ lima→0 V (a),
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V (a)
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−k
2
= 1
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2
= 0
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2
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Figure 4: The effective potential for the evolution of FRW universe corre-
sponding to Eq.(7.4) with Λ = 0. For k = −2 case, the brane starts from
a =∞ and reaches its minimum size at a = amin and then it re-expands.
that is
k ≤ ∓2Z1(ǫ) , Z1(ǫ) ≡
κ2g
2ǫl2
(−2ǫµ˜(4ǫ− 1))1/2 . (7.7)
Otherwise the brane universe has no cosmological singularity. The
conditions for Z that the brane exists at a = 0 are
• For k = 2 (the spherical brane) it is Z1(ǫ) ≥ 1.
• For k = 0 (the flat brane) it is Z1(ǫ) ≥ 0.
• For k = −2 (the hyperbolic brane) it is Z1(ǫ) ≥ −1.
For Z1(ǫ) ≥ 1, all three kinds of brane reach the point a = 0.
3. If −2ǫµ˜(4ǫ − 1) < 0, X,H, G become imaginary when a = 0. Let us
consider Y = 0 case instead of a → 0 limit. When Y = 0 Eq.(6.46)
leads to the following effective potential
V (a)
Y=0−→ −2k
81
+
77
81
1
4ǫl2
(
8ǫµ˜
4ǫ− 1
) 1
2
κ2g (7.8)
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Similarly to the case 2 the brane reaches the singularity at Y = 0, only
if the condition −k/2 ≥ V (a)|Y=0 is fulfilled, i.e.
k ≤ −Z2(ǫ) , Z2(ǫ) ≡ 1
2ǫl2
(
8ǫµ˜
4ǫ− 1
) 1
2
κ2g = −Z2(ǫ). (7.9)
is satisfied. The conditions for Z2(ǫ) that the brane reaches the singu-
larity at Y = 0 are
• For k = 2 (the spherical brane) it is Z2(ǫ) ≤ −2.
• For k = 0 (the flat brane) it is Z2(ǫ) ≤ 0.
• For k = −2 (the hyperbolic brane) it is Z2(ǫ) ≤ 2.
Then, if Z2(ǫ) ≤ −2, all three kinds of brane reach the singularity at
Y = 0.
4. The most special case is ǫ = 1/4 case, where the effective potential is
zero. Then one can take k = −2, k = 0 only. The hyperbolic brane
starts at a = 0 and expands to infinity and the flat brane cannot move.
5. Next, we consider ǫ = 1/4 − δ2 case where δ2 > 0 and |δ| ≪ 1. From
Eq.(6.53), the effective potential looks as
V (a) = ∓κ
2
g
l2
2l
(
k
2a2
+
1
l2
)1/2
− 7
 (2µ˜)1/2δ . (7.10)
Under the condition k
2a2
+ 1
l2
≥ 0, if we take the upper sign of ∓, the
situation is same as in Fig.2,
• k = 2, the spherical brane starts at a = 0 and reaches its maximum
size at amax and then it re-collapses. That is the reverse version
of “bounce” universe.
• k = 0, the flat brane starts at a = 0 and expands to infinity.
• k = −2, the hyperbolic brane might reach the singularity at a = l.
If the brane starts at a = l + 0, the brane expands to infinity.
Taking the lower sign of ∓, the situation is shown in Fig.4. In this case
only hyperbolic brane exists. If the hyperbolic brane starts at a =∞,
the brane reaches its minimum size at a = l.
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6. Finally, we consider the case of ǫ = 1/12. One can get the effective
potential from Eq.(6.59) but it has very complicated form. It is easier
to consider only the limits of a→∞ or a→ 0. In the limit of a→∞
the effective potential follows from Eq.(6.59) as
V (a)
a→∞−→
(
3
l2
± 2
l2
)
a2 . (7.11)
Since 3
l2
± 2
l2
is always positive, one should take only k = −2 or k = 0.
• k = −2, the hyperbolic brane reaches maximum at amax and then
it re-collapses.
• k = 0, the flat brane cannot move.
In the limit of a → 0, the effective potential can be derived from
Eq.(6.62) as
V (a)
a→0−→ ±42
25
√
µ˜
l2
κ2g . (7.12)
Under the condition of −k/2 ≥ V (a), the brane reaches the point
a = 0, namely, the brane universe has the cosmological singularity.
The conditions for ǫ that the brane reaches the point a = 0 are
• For k = 2 (the spherical brane) it is 25
42
≤
√
µ˜
l2
κ2g.
• For flat brane it is 0 ≤
√
µ˜
l2
κ2g.
• For k = −2 (the hyperbolic brane) it is 25
42
≥
√
µ˜
l2
κ2g.
Otherwise the brane universe has no cosmological singularity.
In the same way, one can study FRW brane cosmology from Einstein-GB
gravity for other values of GB coupling constant.
There is an important lesson which follows from the results of this section.
It is indicated by recent astrophysical data that currently our observable
universe has small and positive cosmological constant. In other words, the
universe is in de Sitter phase. It would be nice to have some mechanism
which would predicted the de Sitter universe as some preferrable state of
FRW brane cosmology. Unfortunately, despite the number of attempts such
mechanism was not found in brane-world approach to 5-dimensional Einstein
gravity. As it follows from our analysis it is unlikely that such mechanism
exists in brane-world approach to higher derivative gravity too.
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8 Discussion
In summary, we discussed FRW brane equations in the situation when brane
is embedded in the 5-dimensional (A)dS black hole. One of the main points
of such discussion is the possibility in all cases under consideration (Einstein,
Einstein-Maxwell, quantum-corrected or Einstein-GB gravity) to rewrite the
FRW equations in the form similar to 2-dimensional CFT entropy. In the
first part of the paper ( sections 2,3,4,5) we review the analogy between FRW
cosmological equations and 2-dimensional CFT entropy (so-called Cardy-
Verlinde formula), two ways where Cardy-Verlinde formula appears in grav-
ity theory, the presentation of brane equations of motion in 5-dimensional
(A)dS BH in the FRW form and then in Cardy-Verlinde form. The modifica-
tion of such FRW presentation in case when 5-dimensional Maxwell field or
4-dimensional (brane) quantum fields are present is also reviewed. Mainly,
the first way (formal re-writing of FRW equation) in Cardy-Verlinde for-
mula appearance is reviewed. However, using holographic duality between
bulk BH and dual CFT entropies, the second way of Cardy-Verlinde formula
appearance is given in brane-world too.
In the second part of this work (sections 6,7) we investigate the brane
matter induced by 5-dimensional AdS BH in Einstein-GB gravity. The cor-
responding FRW brane equations are written. The novelty of this study
consists in the fact that brane matter energy and pressure significally de-
pend on the choice of GB coupling constant. In particular, in some cases
dual brane matter is not CFT ( the possibility of (A)dS/non-CFT corre-
spondence?). Moreover, DEC and WEC are not always satisfied because for
some values of GB coupling constant the brane matter energy and pressure
are negative. The presentation of FRW brane equations in the form simi-
lar to 2-dimensional CFT entropy formula is again possible. Finally, FRW
brane cosmology is studied using the effective potential techniqie. The num-
ber of brane universes: spherical, hyperbolic or flat with various dynamics
(expanding, contracting, first expanding then contracting, etc) is explicitly
constructed. The brief analysis of singularity (when it appears) is also pre-
sented.
It is clear that CV representation of FRW (brane) cosmology has some
holographic origin. However, the details of such holography remain to be
found. Moreover, as quite much is known about 2-dimensional CFT, it is
possible that FRW equation representation as 2-dimensional CFT entropy
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may have various applications in the modern cosmology. In particular, it
may give an idea about why dS brane cosmology seems to be so fundamental
in our universe? In this respect it is quite important to search for various
modifications of CV formulation.
The questions discussed in this work may be also important for the estab-
lishment of bulk/non-CFT correspondence. For example, in section three it
has been shown how thermodynamic entropy of bulk AdS BH may be used
to get the holographic CV description of dual 4-dimensional CFT cosmol-
ogy. It turns out that similar procedure does not work when it is applied to
bulk (A)dS BH in higher derivative gravity (if Riemann tensor squared term
presents) [19, 9]. Taking into account that still dual (non-CFT) description of
induced brane matter is possible (see section six) this looks quite promising.
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Appendix
A Brief review of AdS/CFT correspondence
AdS/CFT (or bulk/boundary) correspondence is one of bright examples of
manifestation of holographic principle. It is conjectured in ref.[31] (see also
[32, 33]). After that several thousand papers were devoted to the discussion of
related questions. Various aspects of AdS/CFT correspondence are reviewed
in [34]). Clearly, it is impossible to give its good review in this Appendix so
we just briefly mention several main ideas (and problems) related with the
directions discussed in this work.
When N p-branes in superstring theory (coming from so-called M-theory)
coincide with each other and the coupling constant is small, the classical
supergravity on AdSD=d+1=p+2, which is the low energy effective theory of
superstring , is, in some sense, dual to large N conformal field theory onMd,
which is the boundary of the AdS. For example, d = 2 case corresponds to
(4, 4) superconformal field theory, d = 4 case corresponds to U(N) or SU(N)
N = 4 super Yang Mills theory and d = 6 case to (0, 2) superconformal field
theory.
AdS/CFT correspondence may provide new insights to the understanding
of non-perturbative (supersymmetric) QCD. For example, in frames of Type
0 String Theory the attempts have been done to reproduce such well-known
QCD effects as running gauge coupling and possibly confinement. It is among
the first problems to get the description of well-known QCD phenomena from
bulk/boundary correspondence.
In another approach one can consider IIB supergravity (SG) vacuum
which describes the strong coupling regime of a non-supersymmetric gauge
theory. This can be achieved by the consideration of deformed IIB SG vac-
uum, for example, with non-constant dilaton which breaks conformal invari-
ance and supersymmetry (SUSY) of boundary supersymmetric Yang-Mills
(YM) theory. Such a background will be the perturbation of AdS5 × S5
vacuum. The background of such a sort (with non-trivial dilaton) which in-
terpolates between AdS (UV) and flat space with singular dilaton (IR) may
be constructed.
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Such solution of IIB SG is used with the interpretation of it as the one
describing the running gauge coupling (via exponent of dilaton). It is shown
that running gauge coupling has a power law behavior with ultraviolet (UV)
stable fixed point and quark-antiquark potential can be calculated. Unfor-
tunately, situation is very complicated here due to the double role of IIB SG
background. From one side it may indeed correspond to IR gauge theory (de-
formation of initial SUSY YM theory). On the same time such a background
may simply describe another vacuum of the same maximally supersymmetric
YM theory with non-zero vacuum expectation value (VEV) of some opera-
tor. Due to the fact that operators corresponding to deformation to another
gauge theory are not known, it is unclear what is the case under discussion
(interpretation of SG background). Only some indirect arguments may be
given. It seems that IIB SG background with running dilaton most proba-
bly correspond to another vacuum of super YM theory under consideration.
Then renormalization group (RG) flow is induced in the theory via giving a
non-zero VEV to some operator.
In this appendix, we briefly review the AdS/CFT correspondence. This
appendix is mainly based on [34, 35].
Conformal field theories (CFTs) are field theories invariant under the
conformal transformation, which is the coordinate transformation preserving
the angle: xµ → xµ′ = xµ + fµ(x) =⇒ gµν → g′µν ∝ gµν . Especially if
gµν ∝ δµν in d-dimensional (Euclidean) space gµν ∝ δµν , we obtain
∂ifj + ∂jfi =
2
d
δij
∑
∂kfk . (A.1)
For d = 2, the solutions of (A.1) are given by an analytic function f = f(z)
if one defines f = f1 + if2, z = x
1 + ix2 (i2 = −1). When d ≥ 3, the general
solution is given by
fk =
d∑
i=1
{
2
(
cix
i
)
xk − ci
(
xk
)2
+ ωkix
i
}
+ ǫxk + ak . (A.2)
Here ak corresponds to the translation, ωij to rotation (including Lorentz
transformation in the Minkowski signature), ǫ to the scale transformation
(dilatation) and ck to conformal boost (special conformal). Under the con-
formal boost, we find x
k
x·x → x
k
x·x + c
k, (x · x ≡ ∑j (xj)2). Therefore the
conformal boost is given by reflecting the coordinate with respect to the unit
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sphere (xk → xk
x·x) and after that, translating the reflected coordinate and
finally reflecting the coordinate with respect to the sphere again.
Let the generators corresponding to the transformations be Pi, Mij , D,
and Ki (here we choose them to be hermitian operators), then one obtains
the following commutation relations :
[Mij , Pk] = −i(δikPj − δjkPi) , [Mij , Kk] = −i(δikKj − δjkKi)
[Mij ,Mkl] = −iδikMjl + iδilMjk − iδjlMik + iδjkMil
[D,Ki] = iKi , [D,Pi] = −iPi , [Pi, Kj] = 2iMij − 2iδijD .(A.3)
Other commutation relations vanish. If we redefine the generators by Jij =
Mij , Ji d+1 =
1
2
(Ki − Pi), Ji d+2 = 12 (Ki + Pi), and Jd+2 d+1 = D, we find
that the generators Jab (a, b = 1, 2, · · · , d + 1, d + 2) satisfy the algebra of
SO(d+ 1, 1) (SO(d, 2) in the Lorentz signature).
The anti-de Sitter space (AdS) is vacuum (constant curvature) solu-
tion of the Einstein equation with negative cosmological constant. The
D-dimensional AdS can be constructed by embedding it in the flat D + 1-
dimensional space:
− L2 =
D∑
µ=1
(Xµ)2 −
(
XD+1
)2
, ds2 =
D∑
µ=1
(dXµ)2 −
(
dXD+1
)2
. (A.4)
(For Minkowski signature, we use analytic continuation: xd = −ix0). From
the construction in (A.4), it is manifest that the AdS has a symmetry of
SO(D, 1), which is the algebra of the conformal transformation (D = d+1).
The transformation of the SO(D, 1) is linear for the coordinates XM (M =
1, · · · , D + 1). If one changes the coordinates by
U = XD+XD+1 , V = XD−XD+1 , xi = X
iL
U
(i = 1, · · · , d = D−1),
(A.5)
and deletes V by using the constraint equation in (A.4), the metric follows
ds2 =
L2
U2
dU2 +
U2
L2
d∑
i=1
(
dxi
)2
. (A.6)
By the previous identification with the generators in the conformal transfor-
mation and those in SO(D, 1), the following transformation laws for the new
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coordinates in (A.5) are obtained
dilatation δU = −ǫU , δV = ǫV , δxi = ǫxi
translation δU = 0 , δV =
2aiXi
L
=
aixi
U
, δxi = ai
conformal boost δU = −2cixiU , δV = 0 ,
δxi = 2ajxjx
i − aixjxj − ai L
4
U2
. (A.7)
(Rotation is the same as the usual one for xi.) Then we find that xi trans-
forms as if they are coordinates in the d-dimensional space (A.2) except for
the conformal boost. Even for the conformal boost, the transformation law of
xi coincides with (A.2) in the limit of U →∞, which tells that the conformal
invariance is realized at the boundary (U →∞) of AdS.
The AdS/CFT correspondence can be found by identifying the extremal
limit of the black p-brane, which appeared in the classical solution of the
type IIB supergravity and Dp-brane (see [36]).
Type IIB superstring theory contains 2n-rank (n = 0, · · · , 5) anti-symmetric
tensor. One is interested in the classical solution of the type IIB supergrav-
ity, which is the low energy effective theory of type IIB superstring. We
can assume the 5-dimensional part in 10-dimensional spacetime, where the
superstring lives, to be S5 (5-dimensional sphere) and rank 4 antisymmetric
tensor Aµνρσ is self-dual :
Fµνρστ ≡ ∂[µAνρστ ] , F ∗µνρστ ≡
1
5!
ǫµνρσταβγδηF
αβγδη . (A.8)
Here ǫµνρσταβγδη is a (constant) rank 10 anti-symmetric tensor. One more
assumption is∫
S5
F ∗ = N (N is an integer.) , F ∗ ≡ F ∗µνρστdxµdxνdxρdxσdxτ (A.9)
There exists black 3-brane solution, which is spatially 3-dimensional extended
black hole like object. This solution has two horizons. We can consider an
extremal limit, where two horizon coincides. The extremal solution has the
following form:
ds2 =
(
1 +
R4
r4
)− 1
2 (
−dt2 + dx21 + dx22 + dx23
)
+
(
1 +
R4
r4
) 1
2 (
dr2 + r2dΩ25
)
.
(A.10)
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Here dΩ25 expresses the metric tensor of the 5-dimensional unit sphere and
R4 ∼ gsNl4s (gs is string coupling and ls is string length). In the coordinate
system in (A.10), the horizon lies at r = 0. Since the solution is extremal, the
mass densityM is equal to the charge density N of rank 4 antisymmetric field
like charged black hole, which tells that the extremal black p-brane is BPS
saturated state. Therefore the relation M = N does not suffer the quantum
correction. One can also show that N is quantized to be an integer, therefore
both of N andM do not suffer the quantum correction. We should note that
there is no any object which has the charge of the rank 4 anti-symmetric
tensor at the level of the perturbation of the string theory. The D-brane is
believed to correspond to the extremal limit of the black p-brane.
D-brane first appeared through T-duality. The T-duality is the symmetry
where left-mover and right-mover in the string are exchanged. By exchanging
left-mover and right-mover, the Neumann boundary condition at the ends of
the open string is changed to the Dirichlet one. This suggests that there is
an object where the ends of open string are attached. This object is called
D-brane. If the object is the (spatially) p-dimensional extended object, we
call the object Dp-brane.
✟✟
✟✟
♣
♣
♣
♣ ✲✛
A conjecture that Dp-brane is nothing but the extremal limit of black
p-brane can be supported by the following considerations:
1. Dp-brane can naturally couple with rank p+ 1 antisymmetric tensor field
by considering the following interaction :
SDA = q
∫
Dp-brane
A . (A.11)
2. Consider a situation that two Dp-branes interact with each other by the
closed string. This can be regarded as one loop vacuum amplitude of the open
string (with Chan-Paton factor) by the T-duality. Due to the supersymmetry,
the amplitude of the open string vanishes. This tells (especially when the
distance between the 2 Dp-brane is large) that the interaction due to the
graviton exactly cancels with that due to rank p + 1 antisymmetric tensor.
That is, the Dp-brane should be BPS saturated state.
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✟✟
✟✟
✟✟
✟✟
3. We can also show that the charge density of p-brane for rank p + 1
antisymmetric tensor is quantized by the argument similar to Dirac’s quan-
tization condition for the electric and magnetic charges. Since Dp-brane is
BPS saturated state, this tells the mass density is also quantized.
We now consider the dynamics on Dp-brane especially for p = 3. The
D3-brane with charge and mass densities which are N times compared to the
minimal ones can be regarded as the object composed of N D3-branes with
minimal charge and mass densities. Then there exists an open string which
connects i-th D3-brane and j-th D3-brane. By the T-duality, the open string
can be regarded as an open string with Chan-Paton factor i and j. If the
distance between the branes is very small, the open string becomes massless
and corresponds to the vector fields Aijµ . If we consider the orientable string
theory, we find Aijµ =
(
Ajiµ
)∗
, that is Aijµ is a hermitian matrix and can
be regarded as the U(N) or SU(N) gauge fields. These gauge fields can be
described by a non-linear action called the Born-Infeld action, which contains
α′ corrections but the leading order term is nothing but the usual (super)
Yang-Mills action.
We now assume that the string theory with black p-brane is equivalent to
that with Dp-brane and compare the low energy limits of the two theories.
In the low energy limit of the string theory with black p-brane, the theory
is decoupled into two theories. The gravity theory becomes almost free in
the region (called bulk) far from the brane. On the other hand, due to the
red-shift, there can be any kind of configurations near the horizon of black
p-brane (r ∼ 0). The gravity theory in the bulk has long wave length and
cannot observe the horizon. On the other hand, due to infinitely large red-
shift, nothing can come from the horizon to the bulk. Therefore one has two
decoupled theories, the free gravity theory in the bulk and the (full) gravity
theory near the horizon.
On the other hand, in the string theory with Dp-brane, the gravity be-
comes free in the bulk and the gravitational wave does not observe the brane,
again. On the brane, the α′ corrections in the Born-Infeld action vanish and
there remains (super) Yang-Mills action. In the low energy limit, the long
string which has large energy cannot appear and any interaction between the
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bulk and the brane vanishes.
In the low energy limit of two string theories, which is believed to be
equivalent with each other, we have common free gravity theories in the
bulk. Therefore the remaining decoupled two theories, the gravity theory
near the horizon and (super) Yang-Mills theory on the brane, should be
equivalent with each other. The Yang-Mills theory on the D3-brane is the
N = 4 supersymmetric U(N) or SU(N) gauge theory, which is only one
known interacting theory with conformal symmetry in 4-dimensions. On
the other hand, near the horizon of the black p-brane, the metric has the
following form:
ds2 =
r2
R2
(
−dt2 + dx21 + dx22 + dx23
)
+
R2
r2
(
dr2 + r2dΩ25
)
. (A.12)
Except the S5 part, the metric is nothing but the one of AdS5 (r = U , R = L).
Therefore one finds AdS5/CFT4 correspondence; the (super)gravity theory in
AdS5 is equivalent to N = 4 supersymmetric U(N) or SU(N) gauge theory.
In the further low energy limit, we can treat the AdS5 (super)gravity
theory classically. The low energy approximation would be valid when the
(curvature) radius of the AdS5 is large, which requires R ≫ ls. Since R4 ∼
gsNl
4
s , the large R corresponds to the strong coupling region in N = 4 gauge
theory.
Let the bulk space is not pure AdS space but the AdS black hole:
ds2 = Gˆµνdx
µdxν
= −e2ρ0dt2 + e−2ρ0dr2 + r2
d−1∑
i,j
gijdx
idxj ,
e2ρ0 =
1
rd−2
(
−µ+ kr
d−2
d− 2 +
rd
l2
)
. (A.13)
Here gij expresses the Einstein manifold, defined by rij = kgij, where rij is
the Ricci tensor defined by gij and k is the constant. For example, if k > 0 the
boundary can be 4-dimensional de Sitter space (sphere when Wick-rotated),
if k < 0, anti-de Sitter space or hyperboloid, or if k = 0, flat space. In
the following, k = 0 is considered for simplicity. Then the radius rh of the
horizon and the temperature T are given by
rh ≡ µ 14 , T = µ
1
4
π
. (A.14)
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Since the black hole has the Hawking temperature, it is natural if we ex-
pect that the corresponding field theory should be CFT at finite temperature
[17]. As an explicit check, we compare the entropy from the 5-dimensional
gravity side and the 4-dimensional CFT side. The black hole spacetime in
(A.13) is a solution of the Einstein equation which can be derived from the
following Einstein-Hilbert action with negative cosmological constant −12
l2
:
S =
1
κ2
∫
d5x
√−g
(
R +
12
l2
)
. (A.15)
In the previous AdS5×S5 case (A.12), which is equivalent to N = 4 super-
symmetric U(N) or SU(N) gauge theory
1
κ2
=
N2
8π
. (A.16)
Instead of the type IIB string theory on AdS5×S5, one may consider the
string theory on AdS5×X5, where X5 =S5/Z2, which corresponds to N = 2
supersymmetric Sp(N) gauge theory. In this case, we have
1
κ2
=
N2
4π
. (A.17)
We now consider the thermodynamical quantities like free energy. After
Wick-rotating the time variables by t→ iτ , the free energy F can be obtained
from the action S where the classical solution is substituted: F = 1
T
S. Then
S =
8
κ2
∫
d5x
√
g =
8V3
κ2T
∫ ∞
rh
drr3 . (A.18)
Here V3 is the volume of 3d flat space and we assume τ has a period of
1
T
.
The expression of S contains the divergence coming from large r. In order
to subtract the divergence, one regularizes S in (A.18) by cutting off the
integral at a large radius rmax and subtracting the solution with µ = 0:
Sreg =
8V3
κ2T
(∫ ∞
rh
drr3 − eρ(r=rmax)−ρ(r=rmax;µ=0)
∫ rmax
0
drr3
)
. (A.19)
The factor eρ(r=rmax)−ρ(r=rmax;µ=0) is chosen so that the proper length of the
circle which corresponds to the period 1
T
in the Euclidean time at r = rmax
coincides with each other in the two solutions. Then one gets
F = −V3 (πT )
4
κ2
. (A.20)
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The entropy S and the mass (energy) E are given by
S = −dF
dT
=
4V3 (πT )
4
κ2T
, E = F + TS = 3V3 (πT )
4
κ2
. (A.21)
Then in case of the string theory on AdS5×S5 (A.12), we find
SAdS5×S5 =
N2V3 (πT )
4
2π2T
(A.22)
and in case of the string theory on AdS5×X5,
SAdS5×X5 =
N2V3 (πT )
4
π2T
. (A.23)
It is useful to compare the above results with those of field theories. In
case ofN = 4 super Yang-Mills theory with gauge group U(N), there are 8N2
set of the bosonic and fermionic degrees of freedom on-shell. With SU(N),
8(N2 − 1) is corresponding number. Then from the perturbative QFT its
free energy is given by,
F =
 −
π2V3N2T 4
6
U(N) case
−π2V3N2T 4
6
(
1− 1
N2
)
SU(N) case
. (A.24)
Then the entropy is given by( in the leading order of the 1/N expansion)
SN=4 = 2π
2V3N
2T 3
3
(A.25)
On the other hand, N = 2 Sp(N) gauge theory contains nV = 2N2 + N
vector multiplet and nH = 2N
2 + 7N − 1 hypermultiplet . Vector multiplet
consists of two Weyl fermions, one complex scalar and one real vector which
gives 4 bosonic (fermionic) degrees of freedom on shell and hypermultiplet
contains two complex scalars and two Weyl fermions, which also gives 4
bosonic (fermionic) degrees of freedom on shell. Therefore there appear 4×
(nV + nH) = 16
(
N2 + 2N − 1
4
)
boson-fermion pairs. In the limit which
we consider, the interaction between the particles can be neglected. The
contribution to the free energy from one boson-fermion pair in the space with
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the volume V3 can be easily estimated [37, 38]. Each pair gives a contribution
to the free energy of π
2V3T 4
48
. Therefore the total free energy F should be
F = −π
2V3N
2T 4
3
(
1 +
2
N
− 1
4N2
)
. (A.26)
Then the entropy is given by, in the leading order of the 1/N expansion,
SN=2 = 4π
2V3N
2T 3
3
(A.27)
Comparing (A.22) with (A.25) or (A.23) with (A.27), there is the difference
of factor 4
3
in the leading order of 1/N as observed in [37, 38].
This difference of the factor 4
3
is presumably disappear when all orders of
perturbation theory are taken into account from dual QFT side. Similarly,
one can consider other phenomena in AdS/CFT duality. In fact, as we saw
in Section 2, the entropy of the black hole is nothing but the entropy of the
matter on the brane universe. As explained in detail in Section 2, the first
clue was the analogy between the FRW equation of the radiation dominant
universe and the Cardy formula [4]. After that, the analogy was shown to
be natural from the AdS/CFT viewpoint if the FRW equation of the 4-
dimensional spacetime is the equation describing the motion of the 3-brane
in the 5-dimensional AdS-Schwarzschild bulk spacetime.
The (first) FRW equation for the 4-dimensional universe, given by
H2 =
8πG
3
ρ− 1
a2
, (A.28)
can be rewritten in the form of the Cardy formula
SH = 2π
√
c
6
(
L0 − c
24
)
. (A.29)
by identifying
2π
n
V ρa ⇒ 2πL0 ,
(n− 1)V
8πGa
⇒ c
12
,
(n− 1)HV
4G
⇒ SH . (A.30)
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In fact, SH is called the Hubble entropy, which give the upper bound of the
whole entropy of the universe when Ha > 1.
On the other hand, the motion of the 3-brane in the 5-dimensional AdS-
Schwarzschild spacetime is given by
H2 = − 1
a2
+
µ
a4
, (A.31)
which can be rewritten in the form of the standard FRW equation in (A.28),
by defining the energy density on the brane as
ρ =
3µ
8πG4a4
, G4 =
2G5
lAdS
. (A.32)
When the brane cross the black hole, the Hubble entropy SH in (A.30) is
given by
SH =
V
2lAdSG4
=
V
4G5
, (A.33)
which is nothing but the Bekenstein-Hawking entropy of the 5-dimensional
black hole. If the whole entropy of the brane universe is constant during the
time development of the universe, the whole entropy of the universe is equal
to that of the bulk black hole. Then the Cardy-Verlinde formula (A.29)
expresses the duality between the entropies of the brane universe and the
bulk black hole.
B Logarithmic Corrections to Cardy-Verlinde
formula
In this Appendix we take into account thermal fluctuations of 5-dimensional
AdS BH. As a result, it is shown the logarithmic corrections to brane FRW
equations and CV formula appear.
It has been noted sometime ago that thermal fluctuations produce the
logarithmic corrections [39] to BH entropy. This also occurs for AdS BHs.
One can get CV formula starting from the thermodynamics of the bulk
black hole. The horizon radius aH is deduced by solving the equation e
2ρ(aH ) =
0 in (3.3), i.e.,
a2H = −
l2
2
+
1
2
√
l4 + 4µl2 . (B.1)
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The Hawking temperature, TH , is then given by
TH =
(e2ρ)′|a=aH
4π
=
1
2πaH
+
aH
πl2
, (B.2)
where a prime denotes differentiation with respect to r. One can also rewrite
the mass parameter, µ, using aH or TH from Eq. (B.1) as follows:
µ =
a4H
l2
+ a2H = a
2
H
(
a2H
l2
+ 1
)
. (B.3)
The free energy F , the entropy S and the thermodynamical energy E of the
black hole are given as
F = − V3
16πG5
a2H
(
a2H
l2
− 1
)
, S = V3a
3
H
4G5
, (B.4)
E = F + THS = 3V3µ
16πG5
. (B.5)
Now we consider the logarithmic corrections to the above entropy. The cor-
rected entropy has the form:
S ≡ S0 + c lnS0 (B.6)
where, S0 is identical with the entropy in Eq.(B.4), and c is the constant
determined later. The mechanism by which the logarithmic corrections ap-
pear is the following. 10 We first describe how to calculate entropy based on
the grand canonical ensemble. The partiton function in the grand canonical
ensemble is given by
Z(α, β) =
∫ ∞
0
∫ ∞
0
ρ(n,E)eαn−βEdndE , (B.7)
where α = βµ, µ is the chemical potential and β = 1
T
, T is the temperature.
In order that the temperature has the dimension of energy, kB = 1. The
density of state ρ(n,E) can be obtained from the above equation by inverse
Laplace transformation
ρ(n,E) =
(
1
2πi
)2 ∫ c+i∞
c−i∞
∫ c+i∞
c−i∞
Z(α, β)e(−αn+βE)dαdβ,
=
(
1
2πi
)2 ∫ c+i∞
c−i∞
∫ c+i∞
c−i∞
eS(n,E,α,β)dαdβ. (B.8)
10The discussion here is based on last work from Ref.[39].
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Here the function S(n,E, α, β) is defined as
S(n,E, α, β) ≡ lnZ(α, β)− αn+ βE . (B.9)
To calculate the integral in (B.8), we take the saddle-point approximation,
namely the main contribution can be evaluated around the equilibrium point
(α0, β0) where the integral is stationary. Evaluating the integral of (B.8) to
second order around the point (α0, β0), one can obtain the form which needs
the Gaussian integration. After the integration, ρ(n,E) becomes 11
ρ(n,E) ≃ e
S(α0,β0)
2π
√
∂2 lnZ
∂α2
∣∣∣
(α0,β0)
× ∂2 lnZ
∂β2
∣∣∣
(α0,β0)
(B.10)
Therefore the entropy is
S ≡ ln(ǫρ) = S(α0, β0) + ln ǫ√
∂2 lnZ
∂β2
∣∣∣
(α0,β0)
+ higher order terms. (B.11)
Here we choose the scale factor ǫ to have the dimension of energy. From the
definition of the specific heat, ∂
2 lnZ
∂β2
∣∣∣
(α0,β0)
= CvT
2. Furthermore, one can set
the scale ǫ ∝ T since the temperature is the only available scale in canonical
ensamble. Hence, the entropy is
S = S(α0, β0)− 1
2
lnCvA + · · · . (B.12)
where the constant A is determined later. From the metric Eq.(3.3), and the
entropy Eq.(B.4) one can calculate the specific heat Cv of the black hole:
Cv ≡
(
3V3
16πG5
)
dµ
dTH
= 3
2a2H + l
2
2a2H − l2
S0 (B.13)
In the limit aH >
l2
2
, which gives Cv > 0, the specific heat Cv can be
approximated as
Cv ∼ 3S0 (B.14)
11It is assumed that ∂
2 lnZ
∂α∂β
|(α0,β0) is smaller than ∂
2 lnZ
∂α2
|(α0,β0) or ∂
2 lnZ
∂β2
|(α0,β0).
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Hence, taking the constant A as 1
3
, we obtain
S = S0 − 1
2
lnS0 + · · · . (B.15)
With above set-up one can find the logarithmic corrections to Cardy-
Verlinde formula. Let us recall the 4-dimensional energy which can be derived
from the FRW equations (3.8) of the brane universe in the SAdS background
E4 =
3V3lµ
16πG5a
. (B.16)
Then the relation between 4-dimensional energy E4 on the brane and 5-
dimensional energy E in Eq.(B.5) is
E4 =
l
a
E . (B.17)
Note that E doesn’t have logarithmic corrections since it agrees with the
energy given by Eq.(B.9). If one further assumes that the temperature T on
the brane differs from the Hawking temperature TH by the factor l/a like
energy relation, it follows that
T =
l
a
TH =
aH
πal
+
l
2πaaH
(B.18)
and, when a = aH , this implies that
T =
1
πl
+
l
2πa2H
. (B.19)
If the energy and entropy are purely extensive, the quantity E4 + pV − TS
vanishes. In general, this condition does not hold and one can define the
Casimir energy EC .
EC = 3 (E4 + pV − TS) . (B.20)
Then, by using Eqs. (B.4), (B.16), and (B.18), and the relation 3p = E4/V ,
we find that
EC =
3la2HV3
8πG5a
+
3
2
T lnS0 . (B.21)
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By combining Eqs. (B.4), (B.16), and (B.21) one gets
S0 + πal
2a3H
T
(
a4H
l2
− a2H
)
lnS0 ∼ 4πa
3
√
2
√∣∣∣∣EC (E4 − 12EC
)∣∣∣∣ . (B.22)
Here we assume the ln-correction term is small. Note that the coefficient of
ln-correction in the l.h.s. of Eq.(B.22) is a constant, i.e., this quantity does
not depend on a.
Assuming the ln-correction term is small, the following relation appears
E4 − 12EC
EC
=
a2H
2l2
. (B.23)
By using (B.18) and (B.23), the coefficient of the second term in (B.22) can
be rewritten as follows,
− πal
2a3H
T
(
a4H
l2
− a2H
)
= − πal
2a3H
(
aH
πal
+
l
2πaaH
)(
a4H
l2
− a2H
)
= − 2E4 (E4 −EC)
(2E4 −EC)EC . (B.24)
Therefore when the ln-correction is small, Eq.(B.22) can be rewritten in the
following form:
S0 = 4πa
3
√
2
√∣∣∣∣EC (E4 − 12EC
)∣∣∣∣
− 2E4 (E4 − EC)
(2E4 − EC)EC ln
 4πa
3
√
2
√∣∣∣∣EC (E4 − 12EC
)∣∣∣∣
 . (B.25)
Then the total entropy Eq.(B.15) can be written as
S = S0 − 1
2
lnS0,
=
4πa
3
√
2
√∣∣∣∣EC (E4 − 12EC
)∣∣∣∣
− 2E4 (E4 −EC)
(2E4 − EC)EC ln
 4πa
3
√
2
√∣∣∣∣EC (E4 − 12EC
)∣∣∣∣

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−1
2
ln
 4πa
3
√
2
√∣∣∣∣EC (E4 − 12EC
)∣∣∣∣
+ · · ·
≃ 4πa
3
√
2
√∣∣∣∣EC (E4 − 12EC
)∣∣∣∣
−4E
2
4 − 2E4EC − E2C
2 (2E4 − EC)EC ln
 4πa
3
√
2
√∣∣∣∣EC (E4 − 12EC
)∣∣∣∣
 . (B.26)
up to the first order of ln term. Then the logarithmic corrections to Cardy-
Verlinde formula, are given by the second term in right hand side of Eq.(B.26),
which can be found by the ln of the original Cardy-Verlinde formula.
Moreover, the 4-dimensional FRW equations are also deformed by the
logarithmic corrections. The Hubble parameter H for 4-dimensions is related
to the 4-dimensional entropy (Hubble entropy), as S = HV
2G4
. Hence, FRW
equation is calculated by
H2 =
(
2G4
V
)2
S2 . (B.27)
Here G4 =
2G5
l
. Using Eqs.(B.3), (B.4), (B.18), (B.21), (B.25), (B.26), the
4-dimensional FRW equation with the logarithmic corrections, up to the first
order of ln term, is obtained by
H2 =
(
2G4
V
)2 ( 4πa
3
√
2
)2 ∣∣∣∣EC (E4 − 12EC
)∣∣∣∣ − 4πa
3
√
2
4E24 − 2E4EC − E2C
(2E4 −EC)EC
×
√∣∣∣∣EC (E4 − 12EC
)∣∣∣∣ ln
 4πa
3
√
2
√∣∣∣∣EC (E4 − 12EC
)∣∣∣∣
  ,
= − 1
a2H
+
8πG4
3
ρ− 2G4
V l
lnS0 . (B.28)
Here ρ is the energy density defined by ρ = E4
V
, and V is the volume given
by V = a3HV3. Since the first term in Eq.(B.28) is identical to the standard
FRW equation: H2 = − 1
a2
+ 8πG4
3
ρ at the horizon a = aH , the logarithmic
corrections for FRW equation are given by lnS0 terms in Eq.(B.28). It re-
mains to study the role of logarithmic corrections to the explicit examples of
brane cosmology.
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